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ABSTRACT

In this paper, we characterize the convex hull of a set, which does not change when variables are
permuted, as a projection of a set in a higher-dimensional space. In particular, we show that as long
as the set can be convexified after imposing an ordering on the constituent variables, the convex hull
of the set can be written using a polynomial number of additional variables and constraints. Then,
we explore applications of this result in a variety of contexts. We first study permutation-invariant
norm balls intersected by a cardinality constraint. The convex hull can be seen as another norm
ball and we provide an explicit formula that calculates values of the norm. Furthermore, we present
how to separate an arbitrary point from the convex hull. Then, this idea is used to construct an
extended formulation for the feasible set of the sparse principal component analysis [11] and present
an alternative proof of the formula for K-support norm [1]]. This idea can be extended to sets of
matrices that are invariant under permutation of singular values. Using the conjugacy result by [19],
we show that the convex hull of the set is directly obtained by the convex hull of its correspondence
in the vector space. As a special case, we recover the proof of the convex hull result by [15]. We then
generalize the result in the context of hyperbolic programming. Furthermore, we show a convex hull
result and the semidefinite representability of rank-constrained permutation-invariant sets of matrices.
We next use our convexification result to construct convex/concave envelops of permutation-invariant
nonlinear functions over a symmetric box. At last, we study sets that are written by certain logical
constraints or cardinality constraints. Another application is on sets of rank-one matrices where
the generating vectors of the matrices are in a permutation-invariant set. We provide a variety of
valid inequalities for the convex hull in a higher dimensional space. As a motivating example, we
provide tight SDP relaxation for the sparse principal component analysis and present computational
experiments, from which we show that our formulation reduces more than 90% of gaps generated by
the baseline formulation by [11].

Keywords Convexification - permutation-invariant sets - majorization

1 Introduction

In this paper, we study the convex hull of permutation-invariant sets. A set S C IR" is permutation-invariant if x € S
implies that Pz € S for all n-dimensional permutation matrices P. A more general formal definition is presented in
Section

Permutation-invariant sets appear in a variety of optimization problems. Sparse principal component analysis is to find
a sparse vector that explains the most variance of the data. The problem to find the first sparse principal component is
formulated in [11]] as max{zT3z | card(z) < K, ||z|| < 1} where X is the covariance matrix of the given data. The
feasible set of the formulation is permutation-invariant because the values of the cardinality and the /o-norm are invariant
under permutations. The convex hull of the feasible set is also known as a norm ball associated with the K -support
norm [[1] in the machine learning community, which is used to construct tighter relaxation for a sparsity set than the
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elastic net. Important sets of matrices are often represented solely in their singular values (or eigenvalues). Perhaps, one
of the simplest of such sets in the context of a graph-invariance, as discussed in [10], is {X € S™ | A\(X) = y} where
S™ is the set of n x n symmetric matrices and (X)) is the vector of eigenvalues sorted in descending order and y is a
vector of constants. In [L5], the authors studied the set of the form {M € M,, ,(R) | rank(M) < K, | M||sp < 7}
where M,,, ,(R) is the set of m x n real matrices and || M|, is the spectral norm of M. The elements of the set
are characterized by their spectral values because the rank of a matrix equals the cardinality of the vector of spectral
values and the spectral norm of matrix equals the largest spectral value of the matrix. In nonlinear optimization,
characterizing or approximating the convex envelope of a multilinear function [}, ; over a symmetric box [a, b]" is
an important tool in global optimization. The convex envelope of the function corresponds to the convex hull of its
epigraph over [a,b]™ and the epigraph {(z,y) € R" x R | [[;_, x; < y,z € [a,b]"} is permutation-invariant with
respect to z € IR™. In the convex of stochastic ordering, [[12] studied the convex hull of the permutation-invariant set
{zr e R™ | Y = rpt=1,... ,n} for a fixed vector y € R™ where x[;) represents the ith largest component of an
arbitrary vector z. Another classic example presented in [24] is the set {z € {0,1}" | >°"" | x; € S} and its convex
hull where S is a subset of {1,...,n}.

A permutation-invariant set can be represented as a disjunctive set because it can be seen as a union of n! sets of
the form S N {xz | Tp(1) 2 00 2 xﬂ(n)} where 7 is an n-dimensional permutation. It is often observed that each
set SN {x | Tr1) > -+ > Tn(y)} has polyhedral or polynomial description while S does not. When each set
Sn{z [ zrqy > 2> a:,r(n)} is a polyhedron, an extended formulation for the convex hull of .S can be obtained using
disjunctive program [2} 3], which obvious is unfavorable because of its excessively high dimensionality. In this paper,
we provide an explicit polynomially sized extended formulation for the convex hull of permutation-invariant sets without
using disjunctive programming. The outline of the construction is as follows: we first take a permutation-invariant set
S and assume that the convex hull conv(S N A) can be easily constructed where A := {x € R" | 21 > -+ > x,}.
Then, the convex hull is simply the union of permutahedra where each permutahedron is generated by a point in
conv(,S N A). We model each permutahedron using polynomially many linear equalities and inequalities and obtain an
extended formulation for conv(,S) using the notion of majorization and convexity and linear representability of sum
of 7 largest entries of a variable. Similar construction can be employed for sign-invariant sets and the convex hull
results are summarized in Theorem[2.7] We then show how the results can be applied to recover or improve existing
convexification or relaxation results.

The remainder of the paper is organized as follows. The main convexification results for permutation- and/or sign-
invariant sets are presented in Section[2] Then, we explore various applications of the results in the following sections.
In Section[3] we study cardinality-constrained permutation-invariant norm balls and their convex hulls. The resulting
convex hull can be seen as a norm ball and we provide explicit formula that calculates the values of the norm, so that
it is easy to determine whether an arbitrary point is in the convex hull or not. Furthermore, we provide separation
inequalities for an arbitrary point. Some special cases of this class of sets are also presented. In particular, we study
the connection between permutation-invariant sets and sets of matrices characterized only by their singular values.
Furthermore, we present semidefinite-representability of rank-constrained sets of matrices. (Outline for the multilinear
section needs to be added.) (Outline for the logical constraint section needs to be added.) In Section[7} we study the
set of rank-one matrices whose generating vectors lie in a permutation-invariant set. We next construct semidefinite
programming relaxations of the convex hull by proposing various valid inequalities derived from the rank-one condition
of the matrix and the majorization inequalities. We then report results of computational experiments on sparse principal
component analysis to see how tight our relaxation is compared to the classic baseline relaxation proposed by [11].

2 Main Result

In this section, we show that the convex hulls of permutation-invariant and sign-invariant sets can be readily constructed
if their convex hulls over a fundamental sub-domain are known. We next provide definitions for these properties.

For a positive integer k, we denote the set of k-by-k permutation matrices by Px. Given a positive integer n and a
nonnegative integer p, a set S C {(z, z) € R™ x RP} is called permutation-invariant with respect to x if (x,z) € S
implies that (Px, z) € S for all permutation matrices P € P,,. A function f(z, z) : R™ xR?P — R is called permutation-
invariant with respect to x if f(z,z) = f(Puz, z) for all permutation matrices P € P,,. Any permutation-invariant set
S can be written as a sublevel set S = {(z, z) : f(z,z) < 1} of a permutation-invariant function f.

Aset S C {(z,z) € R™ x RP} where n is a positive integer and p is a nonnegative integer is called sign-invariant
with respect to z if (z, z) € S implies that (Z, z) € S for all Z that satisfy |Z| = ||

Lemma|2.1]| gives an important property of the convex hull of sets that are closed under certain linear transformations of
the coordinates of their elements.
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Lemma 2.1. Let T € R"*™ and let S C {(x,z) € R"™ x RP} be such that for each (x,z) € S, (Tx,z) € S as well.
Then, if (z,z) € conv(S), (Tz, z) € conv(S).

Proof. An arbitrary (z,z) € conv(S) can be written as a convex combination (z,z) = Y, A;(z*, 2*) where A; > 0 for
all, >, A\; = 1, and (2%, 2%) € S forall i. Then, (T'z,z) = >, \;(Tz", 2"). Observe that (T'z", 2") € S because of
the assumed property for S. Therefore, (T'z, z) € conv(.S). O

It follows easily from Lemma that if S is permutation-invariant (resp. sign-invariant) that conv(S) is also
permutation-invariant (resp. sign-invariant).

For each € R", we denote the i largest component of = by zp) fori =1,...,n. Given two vectors z,y € R"™, we
say that x majorizes y, a property we denote by x >, v, if
J J

1. Zx[z] > Zy[z] fOl‘j = 1,...,n, and
i=1 i=1

2. me = Zy[i].
i=1

i=1

The result of Lemma 2.2 relates majorization and permutation. Its proof follows directly by combining the result of
Hardy, Littlewood, and Pélya’s theorem with that of Birkhoff’s theorem; see 2.B.2 and 2.A.2 of [22] for descriptions.

Lemma 2.2. [fx >,, y then y is a convex combination of x and its permutations.

We say that x weakly majorizes y from below if

J

J
meZZym, Vi=1,...,n.
=1

i=1

We denote this relation by = >, y. Similarly, we say that x weakly majorizes y from above if

Srg <> oy, Vi=1,....n
i=j i=j

and denote this relation by z > y.
Lemma 2.3. Let K be a convex subset of R™ x RP. Then the set

U Zm T,

(u,2) € K,
Y:{(x,u,z)GIR”x]R”x]Rp }
Uy Z Zun

is convex.

Proof. First, observe that 25:1 up) = Zgzl u; since uy > - -+ > uy,. Further, 25:1 x[; is a convex function being
the maximum of all possible sums of j elements chosen from x. Next, >_"" , zj; = >_i_ | @; and is, therefore, linear.
Therefore, Y has the following convex representation:

(u,2) € K,
Y =4 (z,u,2) € R" x R" x R? Zzﬁ:luizzzflxm’forjzl""’nil’

i=1 Wi = 21:1 T,

O
Theorem 2.4. Suppose S C {(z, z) | R™ x RP} is permutation-invariant with respect to x € R™. Then,
— o (U, Z) € COHV(SO),
conv(S) = X := {(x,z) W , (1)

where Sy is any set that satisfies:

conv(S)N{(u,2) |[ur > >up} 28 25N{(u,2) |ug > -+ > up}t.
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Proof. The convexity of X follows from Lemma 2.3 because conv(Sy) C conv(S) N {(u,2) : ug > -+ > u,}
implies that X satisfies u; > --- > u,. We now show that S C X. As X is convex, this will also show that

conv(S) C X. Consider an arbitrary (x, z) € S and define u as u; = ;) fori = 1,...,n. Then, (u, z) € Sy because
S is permutation-invariant and « is in descending order. Since u >, z, (z,2) € X.

We next show that X C conv(S). Let (z,2) € X. We show that it can be expressed as a convex combination of
points in S. Since (x, z) € X, there exists u such that (u, z) € conv(Sp) C conv(S) and u >,, z. It follows from
the permutation-invariance of S with respect to « and Lemma that conv(.S) is permutation-invariant in z. Now,
we show that (x, z) € conv(S) by expressing (x, z) as a convex combination of points (P;u, z) for some permutation
matrices P;. The result follows since (P;u, z) € conv(.S) by permutation-invariance of conv(S) with respect to u. To
express (x, z) as a convex combination, observe that « >, = implies that there exists a doubly stochastic matrix IT
such that x = ITu. By Birkhoff’s theorem [8]], we can write any doubly stochastic matrix as a convex combination of
permutation matrices. Hence

(x,2) = (Hu, 2) = ((Z /\iPi> u, z) = Z i (P, 2),
i i
where P; are permutation matrices, A; > 0 for all 4, and N =1L O

Theorem [2.4] gives an explicit description of the convex hull of a permutation-invariant set when an explicit description
of the convex hull of its intersection with the cone x; > --- > z,, is available. In order for this explicit description to
be useful, we make use of well-known ways to formulate the condition; see Section 3.3.4 of [25] for instance.

A natural way to model the convex function Z{zl x[;) i8 to express it as the value function of an optimization problem.

Given j € {1,...,n — 1} and real numbers 1, . .., x,, consider the optimization problem
max o TS
s.t. Yoy si =17, 2)
0<s; <1, 1=1,...,n.

Formulation @) is not directly amenable to inclusion in the result of Theorem @ However, we intend to formulate that
Sl u; > > ays; forall s; in a polytope. The natural way to model this problem is to take the dual of () which
converts the “for-all” quantifier to “there-exists” quantifier. We include the dual formulation below:
LS(j): min  jr+> &
s.t. z, <ti+r, 1=1,...,n, 3)
t; >0, i=1,...,n

Since (2) is clearly feasible, (3) exhibits no duality gap and also models S7_, g Then, the constraint 3.7_, u; >
> x[;) can be expressed as the requirement that there exists an (r, t) satisfying the feasibility constraints of (3 such
that Z?:l w; > gr 4+ Z?:l t;.

Theorem 2.5. Suppose S C {(z,z) : R™ x RP} is permutation-invariant with respect to x. Then,

(u, z) € conv(Sp),
Up > - 2> Un,

Z:’;l U; = Z?:l L,

conv(S) = ¢ (z, 2) 5:1 u; erj_’_z:?:l tg, j=1,...n—1, . @)
x?§t3+rj, j=1...,n—1, i=1,...,n,
>0, j=1,...,n—1, i=1,...,n,

We next present a similar convexification result for sign-invariant sets.
Theorem 2.6. Suppose S C {(z,z) € R"™ x RP} is sign-invariant with respect to x. Then,

conv(S) = X := {(z,2) | (u, 2) € conv(Sp),u > |z|} 3)
where Sp = SN (IRT; X lRp).

Proof. 1t is clear that X is convex because it is the projection of an intersection of two convex sets. We now
show that S C X. For an arbitrary (z,2) € S, define u = |z|. By sign-invariance of S, (u,z) € S and hence
(u, z) € Sy C conv(Sp) and, by definition, u satisfies u > |x|.

We next show that X C conv(S). Let (z, z) € X. Then, there exists u € IR™ such that (u, z) € conv(Sp) C conv(S)
and u > |z|. Since conv(S) is sign-invariant by Lemma 2.1] it follows that {(Z,2) | Z; € {u;, —u;}} C conv(S).
Therefore, (x, z) € {(Z, 2) | |Z:] < u;} C conv(.S), where the containment follows from the convexity of conv(S). O
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The above convexification results can be easily extended to the sets which are permutation-invariant or/and sign-invariant
with respect to multiple sets of variables. For each positive integer n, let A™ = {u € R™ |u; > -+ > up}.

Theorem 2.7. Let S C {(x!,...,2™,2) € R" x --- x R" x RP}.

1. Suppose S is a permutation-invariant set with respect to x* for all k = 1, ..., m. Then,
1 m
B 1 m (u',...,u™, z) € conv(Sy),
conv(S)—{(x,...,x ,2) WS gk E=1,....m (6)
where Sy = SN (A™ x -+ x A" x RP).
2. Suppose S is sign-invariant with respect to x* forall k = 1,...,m. Then,
1 m
- 1 m (u,...,u™, z) € conv(Sy),
conv(S){(x,...,:z: ,2) WSk k=1, m (7
where Sy = S N (]Ri1 X x RI™ x ]Rp).
3. Suppose S is permutation-invariant and sign-invariant with respect to * for all k = 1, ..., m. Then,
1 m
_ 1 m (u',...,u™, z) € conv(Sy),
conv(S)—{(x,...,x ,Z) wF = k= 1,...,m (8)
where
SozSﬂ{(ul,...,u"",z) |uk > ... zuﬁk >0, k=1,...,m}.
The results above can be generalized significantly. For a set C, we denote the convex hull of {T;1u, ..., Tipu},

for u € C as T;(u), where T;; € R"*". Assume that C C 7;(C) C --- € T, 0---0T1(C) = S. Since each
matrix is a constant matrix, the convex hull of matrices at any level can be written as the affine transform of a k-
dimensional simplex with each T}; as an extreme point. We denote the affine transform M; = conv(Tyy, ..., Tix). Let
X; ={Tiu | T; € M;,u € V}. Then, it follows by commutativity of convexification with affine transformation that
conv(X;) = T;(V). Being a collection of disjoint bilinear functions, the convex hull is determined by the extreme points
of M;. The convex hull of the set X; can be obtained using the reformulation-linearization technique. Assume, V' is

expressed as Au < b. Then, we write U as the linearization of uAT. We obtain AU < bAT,Ue =,z = E]’Ll T;;U;,

Me =1,and X > 0, where Uj is the 4" column of U. This can also be obtained using disjunctive programming on the
set of points (u, T;;u) for j € {1,..., k}. Observe that the number of inequalities is approximately km+2n-+k+1 and
the number of variables is n x (k + 1) + k, where A € R™*"_ It follows that, for a fixed k and r, repeated application
of the procedure 7 times, leads to a polynomial sized formulation. More importantly, if each T;; = Q); + R;;, where
R;; has a fixed rank [;; and m is a fixed, then by working with the column space of R;; we can limit the number of

variables to 2521 l;;, a fixed quantity. In this case, the step adds a fixed number of variables and constraints. Therefore,
r steps, where 7 is bounded by a polynomial, leads to a polynomial sized formulation. As an example, consider the
scheme where we construct the convex hull of (uq, us, uy, us) and then (uy, ug, us, uy), where uy > us. Then, we

obtain

U + U2 =y
Us1 + Uz = ug
U + U =1
Uiz +Uzz = 2
U1 > Ua
U2 > Un

‘We show that the above system projects to u; > 1, u1 > s, U1 + U2 = 1 + x2. The validity of these inequalities
follows easily from the above constraints. Consider any (w1, us, 1, x2) satisfying the latter inequalites, Assume without
loss of generality that 1 > 5. Then, we can define Uy = x1, U1 = u1 — 21 = X2 — U2, U1 = 0, and use = uo and
check that these variables satisfy the system defined above. Similarly, if 1 < z9, we let Uy = 1 — ug = uy — 2,
Uis = 9, U1 = us, and Usys = 0. The projected inequalities are precisely the ones used in [[13] at each stage.
Since permutations are possible using an O(n logn) sorting network, the author obtains a compact formulation of the
permutahedron which can be used to represent the majorization constraints. Similarly, [[18] considers the special case
where each T;; describes a reflection relationship. In particular, by adding an additional variable, we can write the
reflection about any plane as a reflection about a plane passing through the origin. Assume this plane is (a,v) = 0
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and a is a unit vector. Then, it follows that any point v may be written as: v — (a, v)a + (v, a)a and its reflection as
v — 2{a,u)a. Using this transformation, it suffices to consider in the above example, a single variable u representing
(a,v) with the constraint u > 0 and the transformation consists of the matrix [1] and [—1]. Then, we have

Ui +Us=u
Ul—UQZJZ
U >0
Uy >0

Indeed, the set can be projected to —u < = < u, and u > 0. The validity of these constraints follows easily. Moreover,
for a given (u,x), we can set U; = “T” and Uz = “5* to satisfy the above equations. As pointed out by [18]], the
previous example can also be seen as a reflection by considering reflection about 1y — uz = 0. When T;; are symmetric,
the constraints for the set V' can often be obtained by imposing constraints using eigenvectors of 15y, . .., T;; which
have negative eigenvalues. In particular, if A;; is the matrix with columns being the eigenvectors of T;;, and A;; is of

full rank, we can require that [Ai_jlu]t > 0 for each ¢ such that the eigenvalue corresponding to the " column of Asjis

negative. This is because repeated applications of 7" switches the sign of these entries in Ai_jlu. The advantage is that at
each stage these constraints can be used to restrict S simplifying the initial convex hull construction.

3 Sparsity theorem

In this section, we study the convex hull of the following set
N, = o € R" [ flall. < 1, card(a) < K}, ©)

where || - ||s is a sign- and permutation-invariant norm (also known as a symmetric gauge function). When K = 1, the
convex hull is the well-known /1 -norm ball and hence we assume 1 < K < n. When the associated norm || - |5 is the
lo-norm, N, I{-{H is the feasible set of the sparse principal component analysis problem (sPCA); see [11].

For notational simplicity, we define A := A™ N R’} and, for any vector x € R", define xa as (za); = |z[f for
t=1,...,n.

By sign- and permutation-invariance of the norm || - ||s and the cardinality constraint, IV, HI'(H _is sign- and permutation-

invariant and hence we can apply Theorem [2.7]to obtain its convex hull as a projection of a higher dimensional set as
follows:

s Jul < 1,
> > e >
conv (N5, ) = dwemr| WSS Ly egn| 2 2k 20 (10)
. w > || U1 == Uy =0,
u > |2

The extended formulation (T0) can be written in a closed form with O(nK) additional variables and constraints based
on the modeling technique that we described in Section [2} see formulations (2) and (3) for modeling details. Other
forms of extended formulations are proposed in [20] and [21]] when || - ||, is an [, norm. In their papers, two approaches
are used to develop the formulations: (¢) a dynamic programming concepts and (i¢) Goemans’ extended formulation for
the permutahedron using a sorting network [[13].

In this section, we represent the convex hull as a norm ball in the original variable space. The induced norm is easily
calculable if the associated norm || - || is calculable. Moreover, we provide a separating hyperplane for an arbitrary
point in R"™.

Lemma 3.1. Suppose x >,, y. Then, for any permutation-invariant seminorm f(-), f(z) > f(y).

Proof. By Lemma [2.2] we can write y = Y., \; P’z where \; > 0, >, A\; = 1, and P are permutation matrices.

Therefore, f(y) = f (3, MP@) < 3, f(AiP'z) = 3, Mif(P'z) = Y, Aif(x) = f(z) where the inequality
follows from the triangle inequality for the seminorm f and the second and the third equalities follow from the positive
homogeneity and permutation-invariance of f, respectively. O

A setin R™ is called a convex body if it is a compact convex set with non-empty interior. In the next proposition, we
show that conv(V, \ﬁ\ ) is a convex body.

Theorem 3.1. conv(NY, ) is a convex body.
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Proof. Convexity of the set is obvious. We first show that conv(N Iﬁl ) is compact. Let X be the set of (u, z) € R"xR"
that satisfy the conditions of the last set in (I0). Since each condition in X forms a closed set, X is an intersection of
closed sets, showing the closedness of X. Since (R™, || - ||s) is a finite-dimensional normed vector space, the norm ball
{u € R™ | ||u|ls < 1} is compact. Let M be such that ||u|| < M for all u in the norm ball. Recall that |z| is a convex
combination of some u and its permutations and let u, be such u. Then, by Lemma[3.1] ||z|| < ||u,]|. Therefore, for
each (u,z) € X, |[(u, z)|| < |Ju|l + ||z]] < ||ull + ||uz]l < 2M, showing that X is bounded. Finally, conv(Nlﬁ ) is
compact because it is a projection of a compact set.

We next show that conv(V, ﬁ ) has a non-empty interior. Observe that ee; € conv(V, I\I-{H ) for a sufficiently small € > 0
because (eeq, ee) € X. By sign- and permutation-invariance of conv (N Ifll ), any sign- and permutation-invariants of
eey are included in the convex hull. This shows that {z | ||z||1 < €} C conv(N, HI-(HS)‘ Since 0 is an interior point of the
l1-norm ball, it is also an interior point of conv(V, HKH ). O

It is well-known that there exists an explicit one-to-one correspondence between norms in R™ and compact convex
bodies symmetric about 0 and containing 0 in their interior; see [23]], for example. In particular, an arbitrary norm can
be matched to its unit ball. Conversely, any given compact convex body C' symmetric about 0 and containing O in its
interior can be assigned to the norm:

fo(x) ::min{t >0‘ % € C}.
It is known that the function f satisfies the properties of norms and that the convex body C'is a sublevel set of f¢, that
is, C ={z| fo(z) <1}.
Since the set conv(V, ﬁs) is a compact convex body symmetric about 0 and containing 0 in its interior, we can define a

norm associated with conv(V, HKIIS ). We denote the norm by || - ||.. Note that || - || is sign- and permutation-invariant.

Theorem 3.2. conv(N H]il .

Theorem 3.3. Ifcard(z) < K,

)={z e R" [ [lz]. <1}

lle = lls

Proof. By sign- and permutation-invariance of || || and || - ||s, [|z]|c = ||za||c and ||z||s = ||za||s. Therefore, it suffices
to show that || za||c = [|zal|s. Definey = Mooy and z = 4. Since lylle = 1, by Proposition y € conv(Nﬁs).
Therefore, there exists u,, € R" such that ||u,||s < 1, u € A, card(u) < K, and uy >, |y|. Therefore, by Lemma
llylls < |luylls < 1. This shows that ||za||s < [|zallc. For the opposite inequality, since ||z||s = 1 and card(z) < K,

z € N, Cconv(N, ). Thus, by Proposition |lz]lc < 1and hence ||zallc < [|zalls. O
We next present an explicit formula that evaluates || - ||.. For an arbitrary € R", define s(z) € R¥ as s(z); =
Z;(%Z‘ill[” foralli € {1,...,K}. Let i, be the minimum index that minimizes s(x); and let 6(x) = s(x);,. By

convention, we define s(x)g = s(x) k41 = co. Now, define u(x) € R™ as

|1‘|m 1e{l,... i, — 1}
u(x)zz{ 0(x) i€ {ig,...,K} (11)
0 Otherwise

Theorem 3.4. Suppose s(z),i,,0(x), and u(x) are defined as previously. Then,

1. s(x)ip1 — s(x); = K%H_l(s(x)hq — |x|m) = Kl_l(s(x)l — |x\[i])f0ri =1,....,. K -1
2. s(x); > > s(x);, and s(x);, <--- < s(z)k
3. u(x) > ||

4. u(z)r = max{|x|pn, s(x)1}
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Proof. Fori=1,...,K — 1,

s(2)iv1 = 8(@)i = 7 Limi |2l — 7o e 12l
= (K= i)(}( ir1) (K — H—I)ZJ =it+1 || () — (K =) Z;‘L:i m[j]}
K z)(K 1+1) Z] i 12l — (K = 8]

( = &= K e {Z izl (K—z+1)\$|m})
= 12 ( (@)it1 — |z]p)
(or = 5 (s@)s = |zl))

and hence Part[T] follows.
Part2]is clear when K = 2 and hence we assume that K > 3. We first show that s(z); > --- > s(z);,. This is clearly
true when ¢, = 1 or 2. Fori, > 3,and¢ =1,...,1, — 2, by Partmof the proposition,
(s(m)ix1 — |zlfig1y) _ (8(@)ig1 —|2lp) K —i+1
> = ; — i)
K—i—-1 = K-i—1 K—i—1 @i = s@))

Therefore, the result follows by induction since s(x);, — s(z);,—1 < 0 by minimality of s(z); . The proof of the
remainder of the statement is similar and hence we omit it.

S(.Z‘)i+2 - S(a?)i+1 = (12)

We next prove Part[3] We first show that u(x) is nonincreasing. It is clear that it is true when i, = 1 and hence we assume
that i, > 2. By Part|l| s(x);, — |z|;;,—1) = (K —iz)(s(2)s, — s(2)i,—1) < 0. Therefore, |x|;;, _1) > s(x);, = d(x),
showing the desired result. Thus, u(x)j;) = u(x); foralli = 1,...,n. Next, observe that 31, u(z); = i, |z
by definition of §(x) and this implies the equality >\ | u(z); = Y./, |z|;). We next show that Z{zl u(x); >
S|zl forallj=1,...,n—1. Whenj =1,...,i, — 1, the inequality holds with equality by definition of u(x).
We next consider the case j > 4,. If i, = K, the inequality holds because Y 7_, u(x); = Y1 u(x); = Y1y ||y >
Zgzl |x|[i]. Now assume that i, < K. Since s(x);, +1 > s(x);, and s(x);,+1 — s(x);, = Kiiw (s(x)“ — \:v“iw])
by Part s(x)i, > |z|p,) and hence 6(x) = s(x);, > |z|f for all i > 4,. Therefore, ZZ qu(x)s — >0 |zl =
I e = Y, el = S, (6(x) — lalg) > 0.
For Part first assume i, = 1. Then, u(z); = s(z)1. By Part 1, s(x); > |2|[1) and hence u(x); = max{|z|;y, s(x)1}.
Next, assume that i, > 2. Then, u(z); = |z|;y). By Part s(z)2 < s(x); and hence, by Part s(x)1 < |x|p)-
Therefore, u(x); = max{|z|;), s(x)1}. O

By Proposition for arbitrary = € IR™, we can construct a vector u(z) € A that satisfies the cardinality constraint
and majorizes |z|. In the following theorem, we show that 2 and u(x) actually have the same values of c-norm, enabling
us to evaluate ||z||. if || - ||s is calculable.

Theorem 3.2. For an arbitrary x € R", suppose s(x),i,(x), and u(x) are defined as previously. Then,

[u(@)]s-

Proof. The inequality ||z[|. < ||u(z)]|s directly follows from Lemma[3.1] Proposition[3.3] and Part[3]of Proposition [3.4]
We next show ||z||. > ||u(z)||s. Define w := u(z)/||u(z)||s so that w is on the boundary of the norm ball B, := {y €
R™ | ||lylls < 1}. Let B be an optimal solution to

max{wTf [ |8« < 1} (13)
where || - ||s« is the dual norm of || - ||s. Then, 8Ty = 3Tw be a supporting hyperplane of Bj that passes through w.
It is clear that || - ||« is sign- and permutation-invariant. By rearrangement inequality and permutation-invariance of
I - I|s«» we can assume, without loss of generality, that /3 is in descending order. Furthermore, we can also assume that
£ > 0because w > 0 and || - ||« is sign-invariant. We next define # € R" as
Bi =1, —1
K .
bi={ Ze=ulogo, K
0 Otherwise
and consider the inequality Ty < STw. We claim that the inequality is valid for B,. First, § € A since § € A
K .
and 3;,_1 > %J_:ZT _ff . Therefore, by rearrangement inequality, it suffices to show the validity for B; N A. Define
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B:=(B1,---,BK,0,...,0) and notice that 3 >,, 0. Then, for each permutation matrix P, (P3)Ty < BTw is valid
for B; N A because for each y € B, N A, (PB)Ty < Ty < Ty < BTw where the first inequality follows from
rearrangement inequality. The validity of Ty < STw follows from the fact that 6 is a convex combination of /5 and its

permutations. Next, define y € R™ by x; = ; fori = 1,...,4, — 1 and Zf;z Bi/(K — iy + 1) otherwise. Then,

ip—1 n
S z 4 ﬂ
KToa =3 el + 375 D Il
Hz (14)

= Zﬂl\xl[z +ZBZ -~ 1; +1 = BTu(z).

1=ig

We next claim that xTy < BTw is valid for NH Il Again, it suffices to show its validity for NH Il NA. This is clear
because xTy = 0Ty forall y € NH‘Hs NA. Therefore, xTy < STw is valid for conv( H-Hs) = {y | llyllc < 1}. Finally,

]l

lu(@)ls”

concluding that ||z||. > ||u(z)]|s. O

TA
2l

/BT

<pT

:XT

Theorem 3 5. For a fixed x € R™, suppose u(z) is defined as (T1) and w, 3,6, and X are defined as in the proof of
Theorem Then, X"y < ||0||s« is valid for N, ~and it separates xn lfx ¢ conv(N, H L)

Proof. In the proof of Theorem [3.2) we showed that xTy < STw is valid for N Ills . By definition of 3 and dual
norm, STw = ||0||s«, proving the va11d1ty Next, when z ¢ conV(NHKH ), [lu(z)|ls = ||z]|c > 1. Therefore, xTxa =
BTu(z) > BT “(1) = BTw where the first equality follows from (T4). O

()]

Remark. In the pmof of Proposition[3.3] let T be the transformation (a composmon of sign-conversions and permuta-
tions) that maps x to x . Then, the hyperplane that separates x and N ills is T~ (x)y < BTw.

Theorem 3.3 (Sparsity Theorem). For an arbitrary x € R"™, consider the following optimization problem:

min  |julls

st. up > --->ug >0,
Ug1 = = Uy = 0,
u > |2

Then, u(x) is an optimal solution where u(x) is defined as in (IT).

Proof. First, u(x) is feasible because of its definition and Part of Proposition Then, for any feasible solution u,
[ulls = |lulle = |lzlle = ||u(z)||s where the first equality follows from Proposition [3.3]and the first inequality from
Lemma 3.1} and the second equality from Theorem Therefore, u(x) is an optimal solution. O
Example 3.1. Consider the case where n = 6 and K = 3. Let N = {1,...,6} and z := (2, &, 24—8, 2 E =)
Notice that ||z||2 = 1 and = € A. Throughout this example, we want to check whether 2 € conv(N H Is ) or not and
present an explicit separatlng hyperplane using the procedure described in the proof of Theorem 3.2} First, we construct
the vector s(z) € R? as follows:

Yioaw 1027 . 5 4 .3 2,1 13

s(x)1 =§%11+1]= s(E+mtmtatats) —n

_ 2= T 1(5 . 4 .3, 2,1\ _15

s(x)2 —§%Qj-1j_ (s tatatas) =%

_ Y= _ 1(4 .3 2 1\ _5

s()s = F5H = Iststnts) =0

Observe that s(x)2 = min{s(x)1, s(x)2, s(x)3}. Next, we define u(x) € RS is as follows:

u(z) =z =2, (@) =u(@); =s(x)s =18, u(x)s=u(z)s =u(x)s=0

Since ||u(z)|l2 = 1.036 - - - > 1, we conclude that = ¢ conv(N, ﬁ’ |,)- We will confirm this by calculating a separating
hyperplane. We first construct a hyperplane that separates () from conv (N, |?~|\2)' Notice that || - ||2 is self-dual and
u(z)/||u(x)|]2 an optimal solution to (13) where w = u(z)/|u(x)|2. Therefore, we set 8 = u(x)/|lu(x)||]2. Then,
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the inequality STy < 8Tw(= 1) (or equivalently u(z)Ty < ||u(z)||2) is valid for N|| |, because, for any y € N”3_H2,

w(@)Ty < |Ju(z)]l2]|yll2 < ||u(x)||2. Furthermore, it separates u(z) because u(x)Tu(x) = ||u(z)]|2 > ||u(x)|]2. We
next construct a hyperplane that separates = from V, I?I\z‘ Define 0 and yx as follows:

_ 1 o1 g 1 11 L _p. —
=01 = RoR el = e 0270 = 5o+ ) = Eop %’1 bs="=0=0
X1 =01 = Rt = ks X2 ==X = g (B 03 = o 5
Observe that STw = ||f|| = 1. Now consider the inequality xTy < STw(= 1). It is valid for NH3~H2 because

for any y € NHB‘Hz’ X7y < xTya = 0Tya < [|0]2]lyallz < ||9H2 = 1. Moreover, it separates = because xTx =

Tz (38 56> 502 567 50+ 38) " (38+ 35+ 750 35> 3 35) = 1.036+

287 567 567 567 567 56 287 287 287 287 287 28

Next, we consider some special cases of the set (]9)
Theorem 3.6. Let S = {x € R? | card(x) < K, ||z|o0 < 7} where ||z]|oc = |2|1). Then,

conv(S) = {z € RY|||z|1 < rK,||z]lc <7} (15)

where ||x||1 := 3:1 75| and ||z oo = [2]p]

Proof. Observe that S/r = {x € R? | card(z) < K, ||z]lcc < 1}. Then,
conv(S) = reonv(S/r) = {y € R? | [lu(y)llec <r}={y € R? | max{|y|n;, s(y)1} <7}
where the second equality follows from Proposition [3.2] and Theorem [3.2] and the third equality from Part [4] of

Proposmonn Since s(y)1 = % > 4 =1 |yl by definition of s(y), the result follows. O

When || - || is the Euclidean norm, the norm || - || associated with conv(1V, ‘ﬁb) is known to be K-support norm (or

a.k.a. K-overlap norm) and the explicit formula for the norm is known in [1]. We provide an alternative proof for the

formula using our arguments. For consistency with literature, we denote the K -support norm by || - || 7%

Lemma 3.4. r = K — i, is the unique integer in {0, . .., K — 1} that satisfies (I6) where |x|jo) = oo by convention.
|1‘|[K—r—1] > S(I)K—r > “T|[K—r] (16)

Proof. We first claim that 7 = K — i, satisfies (I6). That is, we prove |z[j;, _1] > s(x);, > |2|;;,]. By definition of 7,
s(z)i, < s(x)i,—1 and hence |z[f;, _1] > s(x);, by Partlof Proposmon and the conventlon |x|[0] = 00. When
ip < K —1since s(x);,y1 > s(x);, implies that s(x);, > [z|;,). When i, = K, s(z)x = Z _x 1Tl > 12lK)-
Therefore, (]ED holds when r = K — 7,. We next prove that (]E[) does not hold for all » # K — i,. Wheni, =1,
{s( )i } XX, is non-decreasing and hence |z|x 1 < s(x )K rforallr =0,..., K — 2, violating the first inequality

of (I6). Now, assume that i, > 2. When r < K — i, — 1, since s(x )K_T > s(w)i, > |zl > |2lK—r—1
v1olat1ng the ﬁrst inequality of (I6). We next assume that there exists r € {K — i, + 1,..., K — 1} that satisfies
(T6). Since s(z) k—rt1 < $(2) k1, () gk —p < |z| [~ Y PaofProposmon Therefore, () —r = T[K—r)»
implying that s(z) k. = s(x)k—r+1 by Partlof Proposition[3.4 By (12), s(2)k—r = $(2)k—p41 = -+ = s(x);,,
contradicting the minimality of 7. O

Theorem 3.7 (Proposition 2.1 of [1]]).

K—r—1 1 n 2
lzl|% = Z afy + —— R < Z |$|[i]> : (17)

=1 i=K—r

where 1 is the unique integer in {0, ..., K — 1} satisfying (T6).

Proof. By Lemma[3.4] r = K — i,. By Theorem[3.2]

io—1 2 ip—1 n 2
s €T ) €T 1
2l = fu@ll: = (} el +<K—zx+1>6<x>2) = X bl + <§ :lxlm>
N xT )

i=1

N

10
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3.1 Convexification of sets of matrices characterized by their singular values

Let M,,, ,,(R) be the set of m X n real-valued matrices. For M € M, ,(R),let o1 (M) > --- > 0,(M) denote the
singular values of M where ¢ = min{m,n} andleto : M,, ,,(R) — RY be defined as o (M) = (o1(M), ..., 04(M)).
Let || M||sp = o1 (M) and || M|, = >°%_, 0;(M) be the spectral norm and the nuclear norm of M, respectively.

In this subsection, we consider sets of matrices that are characterized by their singular values. More specifically,
we are interested in sets of the form S = {M € M,,, ,(R) | fi(c(M)) < 1,i =1,...,r} and their convex hulls
where each f; is a sign- and permutation-invariant function. Define S = {x € R? | f;(z) < 1,i=1,...,r} where
g = min{m, n}. Itis clear that M € S if and only if o(M) € S.

The following conjugacy result is a key tool to bridge conv(.S) and conv(S).
Lemma 3.5 (Theorem 2.4 of [19]]). Suppose f : R? — R is sign- and permutation-invariant. Then,
(foo) =f oo
where the asterisks represent the conjugate operator of the functions.
Theorem 3.6. Suppose S = {M € M, n(R) | fi(c(M),2) < 1,i=1,...,r}and S = {z € RY | fi(z,2) <

1,i=1,...,r} where ¢ = min{m,n} and f; : R? x R? — R,i = 1,...,r are a sign- and permutation-invariant
with respect to z € R9. Then, conv(S) = {M € M,, ,(R) | 6(M) € conv(S)}.

Proof. Define H : M, ,(R) — R and h : R? — R as follows:

[0 MeS [0 =z2€8
H(M) _{ oo otherwise ’ h(z) _{ oo otherwise

Then, S = {M | H(M) <1}, S = {z | h(z) < 1}, and H = h o 0. We next show that conv(S) = {z | h**(z) < 1}.
Suppose = € conv(S). Then, x = Zj Ajy; where A\; > 0 and y; € S for all j and Zj A; = 1. Since h** is the closed
convex envelope of i, h*™*(z) < 3, A\jh**(y;) < >_; Ajh(y;) = 0. Therefore, h**(x) < 1. We next consider an
arbitrary z such that h**(z) < 1. Using the fact that epi(h**) = clconv(epi(h)), we have (z,h**(x)) = >_; A;(y;. 25)
where \; > 0 and (y;, z;) € epi(h) forall jand }_, A; = 1. Therefore, z = 3, Ajy; and h**(z) = >, A;z;. Then,
1> h™(z) = 32, A\jz; = >2; Ajh(y;). This implies that y; € S for all j because otherwise, »; Ajh(y;) = oo,

violating the inequality. This shows that = € conv(X). We can also prove that conv(S) = {M | H**(M) < 1} by
using the similar arguments and we omit the proof.

(18)

By sign- and permutation-invariance of S, h is sign- and permutation-invariant and hence so is 2*. Then, by Lemma[3.5]
H* = h*ooand H** = (h*o0)* = h**oo. Now, for an arbitrary M € conv(S), since H**(M) < 1, h**(c(M)) <
and hence o (M) € conv(S). Conversely, consider o(M) € conv(S). Then, h**(c(M)) < 1 and hence H**(M) <

1

17
showing that M € conv(95). O
Notice that the rank of a matrix can be represented as the cardinality of the vector of singular values and cardinality is a
sign- and permutation-invariant function. Therefore, we have the following result as a special case of Theorem 3.6

Corollary 3.6.1. Let S = {M € M,, ,(R) | rank(M) < K, ||o(M)||s < r}. Then,

conv(S) = {M € My, n(R) | |lo(M)||c <7} (19)

Recall that determining if an arbitrary matrix M € M, ,(R) is in the convex hull conv(.S) can be easily done when
the norm || - ||s can be calculable. In particular, when || - ||5 is the Euclidean norm, a given matrix M is in conv(.S) if
le(M)||3F < r. See for an explicit formula for || - ||}¥. Semidefinite representability of the convex hull will be

discussed in Subsection

Next, we consider the special case where || - [|5 is the [ norm. Proposition [3.6|and Theorem [3.6] together give an
alternative proof for the following result.

Theorem 3.8 (Theorem 1 of [15]). Let S = {M € My, n,(R) | rank(M) < K, ||M||s, < r}. Then, conv(S) =
{M € My n(R) [ [M]l. < 7K, [[M]lsp <1}

Theorem 3.6 can be generalized in the context of hyperbolic polynomials. A multivariate polynomial p in € R" with
real coefficients is called homogeneous of degree d if it is a linear combination of monomials of degree d. That is, a
homogeneous polynomial is of the form

p(z) = Z TN AR e

aj+tap=d

11
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where a = (a1,...,a,) € Z7. A real homogeneous polynomial p : R™ — R is called hyperbolic with respect to
e € R™if p(e) > 0 and the univariate polynomial p(te — a) has only real zeros for every a € R"™. Those zeros are
called e-eigenvalues of a and denoted by A (a),k = 1,...,m forsome m € {1,...,n}. Without loss of generality, we

assume that \; (a) > - -- > A, (a). Define the hyperbolicity cone associated withp as A = {a € R"™ | A\;p(a) > 0}
and denote its closure by A . A hyperbolic program is an optimization of the form min{cTz | Az < b,z € A, } for
some hyperbolic polynomial p € IR™ with respect to e € R"™. When the associated polynomial is p(X) = det(X) and
the associated direction e is the identity matrix, the closure of the hyperbolicity cone is the positive semidefinite cone.
Therefore, hyperbolic programming is a generalization of semidefinite programming. A polynomial p : R® — R is
isometric, if for all y, 2 € R", there exists z € IR™ such that A\(z) = A\(z) and A(z + y) = A(z) + A(y). For example,
[14] showed that p = det is an isometric function: hence, the following conjugacy result generalizes the matrix case.

Lemma 3.7 (Fenchel Conjugacy (Theorem 5.4 of [[6])). Suppose f is permutation-invariant and p is isometric. If
ran\ = {x | &1 > -+ > &y } then (f o \)* = f* o X\ where ran) represents the range of the function \.

Remark. 1. The authors of [6l] defines Fenchel conjugate on convex functions, but the proof can still applied to
arbitrary functions.

2. p(X) = det(X) is isometric.
3. In semidefinite programming instance, ran\ = {x | x1 > -+ > Ty -

The following result is a generalization of Theorem [3.6]in the convex of hyperbolic programming. By similarity of the
proof with that of Theorem 3.6} we omit the proof.

Theorem 3.8. Consider an hyperbolic polynomial p : R"™ — R with respect to e € R™ Letr Ma) =
(M(a), ..., Am(a)) € R™ be e-eigenvalues of an arbitrary a € R™ where A\i(a) > - - > Ap(a). Suppose p is
isometric and ran\ = {x | x1 > - -+ > x,, }. For permutation-invariant functions f; : R™ — R,i=1,...,r, define
S={aecR"| fi(\a)) <c¢,i=1,...,r}. Then,

conv(S) = {a € R™ | AM(a) € conv(S)}
where S ={y e R™ | fi(y) < ¢,i=1,...,1}

3.2 Semidefinite-representability of sets of matrices characterized by their singular values

We presented a convex hull result of a set of matrices S that can be represented in their singular values in Corollary
The resulting convex hull is written in a norm || - || induced by the defining norm || - || of S. While we provided an
explicit characterization of the membership of the convex hull, it does not guarantee that the convex hull can be modeled
in an SDP solver as a feasible set. In this subsection, we discuss the semidefinite representability of a set of the form
as follows: S = {M € M, ,(R) | rank(M) < K, f(o(M)) < r} where f : R? — R is a permutation-invariant
quasiconvex monotone function. A set is called semidefinite-representable if it is a projection of a set expressed by a
linear matrix inequality. We remark two well-known properties about semidefinite-representability. (see Section 4.2 of

(7).

Lemma 3.9.

1. The sum of p largest singular values of a rectangular matrix is semidefinite-representable.

2. If A and B are semidefinite-representable then so is A N B and the representation is obtained by combining

two representations.
Theorem 3.10. Let ¢ = min{m,n} and S = {M € My, ,(R) | rank(M) < K, f(o(M)) < r} where f : R? — R
is a permutation-invariant quasiconvex monotone function. Then, conv(S) is semidefinite-representable if lower level

sets of [ are semidefinite-representable.

Proof. Let S = {z € R? | card(|z|) < K, f(|z]) < r}. By sign- and permutation-invariance of S and Theorem 2.7]

flu) <,
_ q| w122 uk >0,
conv(S) =<z eR Ut == =0, (- (20)
u > |z
By Theorem [3.6]
flu) <,
3y _ up > > ug >0,
conv(S) = ¢ M € M, »,(R) Wkt = o=y = 0, 21
U Zm |o(M)]

12
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By definition of majorization inequality, the convex hull has the following representation:

flu) <,
up > -+ > ug >0,
Ug4+1 =" =up =0, (22)

Zszl wi > I o;(M),j=1,...,K,
Dimi U = 23:1 oi(M)

The semidefinite-representability of (22)) follows from Lemma[3.9]and the semidefinite-representability of the level set
{u | f(u) < r} and linear inequalities. O

Observe that Theorem is consistent with Proposition 4.2.2 in 7] except that we considered the rank constraint, but
they do not.

Corollary 3.10.1. Let S = {M € M, ,(R) | rank(M) < K, ||o(M)||s < r} where || - | s is permutation-invariant
monotone norm. Then, conv(S) is semidefinite-representable. In particular, when | - ||s is Ky Fan p-norm for
p=1,...,min{m, n}, the convex hull is semidefinite-representable.

4 Convex envelopes of nonlinear functions

In this section, we explore the use of Theorem[2.7]in the development of relaxations of non-convex functions.

Lemma 4.1. Let ©' € P, where P is permutation-invariant, and 7 be a permutation of {1, ... ,n} such that for each
1e{l,...,n—1} x;(i) > x;(H_l). Then, there exists aw' >, «' with ' # ' if and only if there does not exist an

a € R™ such that ar(;y > ar(ip1) foralli € {1,...,n — 1} and St ai(@; — x}) < 0is valid for P.

Proof. We first show that if such an a and 7 exist, there cannotbe a v’ € P, v’ # 2/, such that v’ >,,, 2’. Assume such
a u' exists and because P is permutation-invariant, by sorting v’ if necessary, we may assume that u/_ (0 = ul (i+1)
foralli € {1,...,n — 1}. Since v’ >, «’ and v’ # 2/, there exists ay’, 6 > 0,and k € {1,...,n — 1} such that
u >y > 7, y;(k) = x;(k) + 0, and y;(kﬂ) = x;(kﬂ) — 0. Since ' € P, P is convex and permutation-
invariant, and 3’ can be written as a convex combination of «’ and its permutations, it follows that 3y' € P. Therefore,

S ai(yl — i) <0or Ar(k) — Ar(k4+1) < 0. This leads to a contradiction to the assumed ordering of a.

Now, we show that if there does not exist w’ € P such that u’ >, =’ with v’ # 2’ then such an a exists. Choose any
7 such that x;(i) > x;(iﬂ) foralli € {1,...,n —1}. Let K := 2’ + Z?;ll (i) (eﬁ(i) — e,,(iﬂ)), where o > 0
and consider C = P — K. Since 2’ € P N K, it follows that 0 € C. Let (a’,2) < 0 define the minimal face of C
containing 0. We will show that a can be chosen to be a’. Observe that e(;41) — ey € C foralli € {1,...,n —1}.
Therefore, a’, (i41) al 0 < 0. We now show that the inequality is in fact strict. Assume, on the contrary, that there
existsa k € {1,...,n — 1} such that (a’, ex(r41) — €x(r)) = 0. Then, there exists a small enough e > 0 such that
e(e,r(k) — ew(kﬂ)) € C because 0 is in the relative interior of its face containing e, (r11) — €x(x). It follows that
there exists 2 € P and o > 0 such that €(e () — €rht1)) = 2" — 2’ — Z;:ll a;(i) (€x(s) — €x(i+1))- Therefore,
o = 2+ e(en) — enthrn)) + Sorer iy (en(i) = ex(iyn)). Since € > 0, 2" € P, a” >, 2’ and 2" # @,
choosing ' = 2" contradicts the assumption that such a u’ does not belong to P. Therefore, forall k € {1,...,n—1},
a;(kﬂ) — a;(k) < 0. O

Definition 4.1. A function ¢ : C' +— IR is said to be Schur-concave on C, if for every x,y € C, x >,, y implies that

o(z) < ¢(y).

In this section, for any function ¢ : C' — R we denote {(z, ¢) | ¢(z) < ¢ < o,z € P} as epi,(¢). A common
tool in the construction of convex envelopes is to restrict the domain of the function to a smaller subset. We will
say that a function ¢ : C' — IR can be restricted to X, where X C C for the purpose of obtaining the conve(¢) if
conve (¢ x) = conve (@), where ¢| x () is defined as ¢(z) for any z € X and +oo otherwise. Theorem[2.7]can play
a key role in obtaining the restriction as we illustrate below.

Lemma 4.2. Let ¢ : P — R be a Schur-concave function, where P is a permutation-invariant polytope. Let
M:={z|z€P BucPstu>y,zu#uz} Lt S :={(z,0) | () < ¢ < a,x € P}and X := {(z,¢) |
¢(z) < ¢ < a,z € M}. Then, conv(S) = conv(X).
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Proof. Since M C P it follows that X C S and, therefore, conv(X) C conv(S). Now, consider (2/,¢’) € S\X.
Therefore, ¢(z') < ¢/ < aanda’ € P\M. Letaz = L 37 af, foralli € {1,...,n}. Let v := argmax{|ju —
2"|| | w >m @',u € P}. The maximum is achieved because the feasible set is bounded and objective is upper-
semicontinuous. Assume there exists a 3y’ € P such that 3y’ >,, v’ and 3/ # «’. Since u’ can be written as a convex
combination of permutations of ¢’ and the objective of the problem defining v is permutation-invariant and strictly
convex, it follows that ||y’ — z”’|| > ||u’ — 2”'|| violating the optimality of «'. Therefore, there does not exist y’ € P
such that y’ > u' and y’' # «’. Therefore, ' € M. Since ¢ is Schur-concave, it follows that ¢(u') < ¢(a’) < ¢’ < a.
Therefore, (u’,¢’) € X. Since 2’ <,,, v, it follows that =’ can be written as a convex combination of u' and its

permutations. Therefore, (2, ¢’) is not an extreme point of the epigraph of S and S C conv(X). It follows that
conv(S) C conv(M).

O

It is often useful to restrict the set S to a superset of its extreme points before using Theorem [2.4]to construct the
convex hull. We discuss such applications. We are interested in sets S(Z, a,b) := {(z,2) | (z,2) € Z,z € [a,b]"},
where Z is compact and permutation-invariant in x. Further, for F = {Fy, ..., F,.}, where F; are faces of [a, b]", we

define X (Z,a,b,F) = {(x,z) € [a,b]" x R™ ’ (z,2) € Z,x e, Fl} Observe that by choosing F = {[a, b]"},

there is a trivial collection of faces such that conv(S(Z, a,b)) = conv(X(Z, a,b, F)). However, more importantly,
as we shall discuss later, there are many situations, where we can identify an exponential collection of faces F’
such that conv(S(Z, a, b)) = conv(X(Z,a,b, F')) and conv(X(Z, a,b,{F;})) has a polynomial (possibly extended)
formulation. For concreteness, consider Z = {(z,z) | z = [[;_; @; }. In this case, 7/ = {a, b}", the extreme points
of [a, b]™ satisfies the preceding hypotheses. Although, in these situations, an extended formulation for conv(.S) can be
constructed using disjunctive programming, such results have found limited use, since the size of F” is often exponential
as in our example. Next, we argue that Theorem [2.4]allows the construction of a polynomial-size extended formulation
in these instances.

Theorem 4.3. Let a,b € R, Z be a compact permutation-invariant set, and F = {Fy, ..., F.} be a collection of faces
of a,b]™ such that conv(S(Z,a,b)) = conv(X(Z,a,b,F)). Moreover, assume that conv(X(Z,a,b,{F;})) has a
polynomial-sized compact extended formulation. Then, conv (S (Z,a, b)) has a polynomial-sized extended formulation.

Proof. For brevity of notation, in this proof, we shall write S(Z, a,b) as S and X (Z, a, b, F) as X (F). We construct
conv(5S) using its equivalence to conv(X (F)). We may assume for computing conv (X (F)), by taking the union
of all permutations of X (F) w.r.t. z if necessary, that X (F) is permutation-invariant in z. This is because a
permutation of X (F) w.r.t. z, say X, (F) := {(z,2) | m(z) € Xx(F)}, is contained in conv(X (F)) as is seen from
X,(F) C S(Z,a,b) C conv(S(Z,a,b)) = conv(X(F)), where the first inclusion is by permutation-invariance of
S and the equality is by the assumed hypothesis. Since .S is permutation-invariant with respect to «, by Lemma 2.1}
conv(S) is also permutation-invariant. We shall use Theorem to construct conv (X (F )) We first show that we
can limit the faces of [a, b]™ that need to be considered in the construction of Sy. Consider an arbitrary face F; of
[a, b]™, which is determined by setting a set of variables with indices in B; C {1,...,n} to their upper bound b and
a disjoint set of variables A; C {1,...,n} to their lower bound a. The only faces, F;, ¢ = 1,...,r that need to be
considered are such that B; and A; are hole-free, i.e., B; is of the form {1, ..., p} and A; is of the form {q, ..., n}.
To see this, let j(i) = max{j | j € B;} and X; = X({F;}) n{(z,2) | 1 > -+ > x,}. Assume ¢ is the index
of a face such that j(i’) > |By|, Xi» contains a point which is notin U, ; ;) , X: and, among all such faces, i’ is
chosen to minimize j(i) — | B;|. Since By is not hole-free, there exists j ¢ B, such that j < j(i’). Any point that
belongs to X;» must satisfy b > x; > x;(;;) = b. Therefore, x; = b. Since X;» # (), j ¢ A;. Consider now i” such
that B;» = B; U {j}\{j(¢')} and A;» = A;. Such a face exists in F since we assumed that for every face F; € F, F
contains all faces obtained by permuting the variables, and F; is obtained from Fjs by exchanging the variables x; and
(7). Moreover, since X;» O Xy, it contains a point not in Ui:j(i):lBg,l X, establishing that j(i"”) > | B;-|. However,
since j(i"") — | By | < j(i") — | By|, this contradicts our choice of ¢’. A similar argument can be used to show that we
only need to consider faces F; such that A; is hole-free.

Now, it is easy to see that there are at most ”;2) many such faces, one for each choice of (p, q), where 0 < p <

g — 1 < n. Since each X ({F;}) has a polynomial-sized compact extended formulation, it follows, by disjunctive

programming, that conv(Sy) has a polynomial-sized compact extended formulation. Then, the result follows directly
from Theorem O
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We record and summarize the extended formulation of conv (S (Z,a, b)) for later use in the following result. We say a
collection of faces F is permutation-invariant, if for a face described by an inequality, there is another face in F that is
described by a permutation of coefficients of the inequality.

Corollary 4.3.1. Let a,b € R, Z be a compact permutation-invariant set, and F = {Fy,..., F.} be a collection
of faces of permutation-invariant faces of [a,b]". Let I = {z | 3p,q,p < q, s.t. Vo € Fy,x; = bifi <pandz; =
aifi > q}. Then,

conv(X(Z,a,b,F)) = {(u7 z)

COHV(UX(Z,(Z,I), {Fl})>7u1 Z Z Up, U Zm I’}
i€l

Theorem [4.3]shows that even though the number of faces in F is exponentially many, we can exploit the permutation-
invariance of the set to consider only polynomially many faces in the construction. More explicitly, there are 274 (Z)

d-dimensional faces of [a, b]™ and (Zii) d-dimensional faces of the simplex b > z; > --- > x,, > a. But, there

are only n — d + 1 of the faces of the hypercube, namely, F; for [ € {0,...,n — d}, where B; = {1,...,1l} and
Ay ={l—-d+1,...,n}.

Combining Lemmas [4.1] and it follows that we may restrict ¢ to the set of points which have no other point
majorizing them in the domain. For a point 2/ € M as defined in Lemma it follows that there must be a vector
a such that (a, x — 2’) < 0 is valid for P, where coefficients of a can be sorted in a monotonic decreasing sequence.
Now, construct a graph G = (V, E) where the vertices are labeled 1, . .., n. Then, for {i, j} connect the vertices with a
directed arc labeled with the index of the facet-defining inequality if the coefficient of x; is larger than that of x; in the
inequality. Then, for a point z’ to be in M, it must be tight on inequalities that yield a hamiltonian path through the
vertices. For example, if each inequality only yields % arcs, then =’ must be tight on [”T’W facet-defining inequalities.
As such, it will belong to a face of P of dimension at most n — [ |. This is particularly interesting in the case of
hypercubes, where £ = 1 and the result implies that the function can be restricted to one-dimensional faces for the
purpose of constructing convex envelope of the function or its level set. In this case, the direct proof is straightforward,

and we include it below.

Theorem 4.1. Consider a Schur-concave function ¢(z) : [a,b]"™ — R and the set S* : {(x, )
[a,b]"}. For any x € [a,b]" let S(z) = >, (x; — a). Forany s € R, define i* = max{i | i(b — a) < S(s)} and

b ifi <i®
uf =<a+s—(b—a)yi* ifi=i"+1 (23)
a otherwise.

Let 0% := {(z,9) | $(u5®) < ¢ < o,z € [a,b]" }. Then, conv(S®) = conv(O). Moreover; if ¢(-) is convex when
all but one x variable is fixed, ©% is convex.

Proof. We first show that uS @) > x'. This follows because uS@) simultaneously maximizes the continuous
knapsack problems max{Y~7_, z; | >7_, #; = S(x) + na,x € [a,b]"} for all j because the ratio of objective and
knapsack coefficient of x; reduces with increasing 7, and x’ is a feasible solution to these knapsack problems.

We now show that S C ©%. Let (2/,¢') € S®. Therefore, qS(uS(‘”/)) < ¢(2') < ¢ < «, where the first inequality
follows from Schur concavity of ¢ and «5(*") >, 2, and the remaining inequalities follow because (z/, ¢') is feasible
to S©. Therefore, (2, ¢’) € O<.

Now, we show that ©* C conv(5®). Let (2/,¢') € ©. Since uS@) € [a,b]" and ¢(u®@)) < ¢ < a, it follows
that (u5("), ¢') € S*. However, then it follows that (2, ¢') € conv(S5®) since uS@) > 2 implies that 2’ can be
written as a convex combination of permutations of u° (=) and S is permutation-invariant in z.

To show the last statement, we write © as proj, , =, where = = {(z,8,0) | p(s) < ¢ < o, € [a,b]",5 =
S (zi —a)} and ¢(s) = ¢(u®). The result follows if ¢(s) is convex over [0,n(b — a)] since O is expressed
as the projection of a convex set, =*. First, observe that, for s € (i(b — a), (i + 1)(b — a)), the convexity of ¢(s)

follows from the assumed convexity of ¢(u*) when u® varies only along the i coordinate. Choose k € {0,...,n — 1}
and let 5 = k(b — a). To prove the result, it suffices to check that the left derivative of ¢(s) at 5 is no more than
the corresponding right derivative. For sufficiently small € > 0, observe that u° + ee;, >, u® + eex41 because
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b= uj > uj ., = a. Since ¢(-) is Schur-concave, it follows that ¢(u® + eex) < ¢(u® + €ex11) = (5 + €). Then, the
following chain of inequalities follows
P e o) — o(u’ — cey)
el0 € el0 €

P(u® + eer,) — Pp(u®) < lim p(5+¢€) — p(3)

€ el0 €

< lim

el0
where the first equality is by the definition of ¢ (-) and v, first inequality is from the assumed convexity of ¢(-) when
the argument is perturbated only along the k™ coordinate and the second inequality is because ¢(u® + eep) < (5 + ¢€)

and ¢(u®) = ¢(5).
O

In essence, Proposition 4.1 shows that we can reduce our attention to the edges of the hypercube in our construction
of the convex hull of S®. A similar result can be shown for upper level sets of quasiconcave functions over general
polytopes ]. Symmetric quasiconcave functions are a subclass of Schur-concave functions. In other words, both the
results show that for symmetric quasiconcave functions over permutation-invariant polytopes it suffices to consider the
edges of the polytope to construct the convex hull. However, the result in ] applies to general quasiconcave functions
over arbitrary polytopes while Proposition 4.1 applies to Schur-concave functions over a hypercube. Perhaps more
importantly, the result in Propostion[4.1] also applies to level sets of the functions while the result in [] only applies to
convex envelope construction.

Many of the applications of Theorem [4.3|extend beyond Schur-concave functions. For example, if we consider the
convex hull of {(z, ) € [a,b]" x R | [[,_; ; < a}, where a is not necessary positive. Note that the product function
is not Schur-concave when some of the variables can be negative, for example consider x;x223 and observe that
although (1, -1, —3) >,, (0,0, —3), the function value is higher at (1, —1,, —3) than at (0, 0, 3).

Theorem 4.2. Consider a function ¢(x) : [a,b]™ — R, that is permutation-invariant in x and whose convex envelope
remains the same even if its domain is restricted to {a,b}". Fori =1,...,nandj=0,...,n, letp;; = aifi > j and
b otherwise and let p.; denote the ™ column of this matrix. Define f(x) := ¢(p.o) + Y 1y e (¢(p.i) — (;S(p.,-,l)).
Then, the convex envelope of ¢(x) over [a,b]™ can be expressed as the value function of the following problem:

[coav o(x) = max{f(u) ’ Uy b <up > - >u, >al. (24)

Proof. Observe that the points in {a, b}™ that intersect with z; > --- > z,, are precisely the columns p.; described
in the statement of the result. Consider the column p.; and observe that f (p.j) = ¢(p.;). Moreover, f(z) is linear.
Let A = {x € {a,b}" [b> 2y > --- > x,, > a}. Then, we show that f(z) = conveny(a)(¢|a), where ¢|a denotes
the restriction of ¢ to A. Clearly, f(z) < conveeny(a)(¢|a) because it matches ¢ at all the points in the domain and
is a convex underestimator. Also, f(x) > conveyy(a)(®]a) because of Jensen’s inequality applied to conveony(a) (),
exactness of f(x) at the extreme points of A, and affinity of f(z). Now consider Corollary Let F be the extreme
points of [a,b]" and Z = {(z, 2) | 2 > ¢(z)}. Then, by assumption, conv(S(Z, a,b)) = conv(X(Z,a,b, F). Then,

in the statement of Corollary4.3.1| R = {(z,z +1) | 1=1,...,n— 1} and COHV(U(p,q)eR X(Z,a,0,{F;,, )) =
{(z,2) | 2> f(z),b >z > -~ >z, > a}. Then, the result follows from Corollary 4.3.1]

O

Theorem 4.3. Consider S = {(Jc,y) €EH ‘ [T, v > H;L:1 J;f} where H = [¢,d]™ X [a,b]", witha > 0, ¢ > 0,
a >0, and B > 0. Let k = min{m, LgJ }. Define the convex sets:

Sii = SN {) = dy € A )i pir = & (@] = b, (@)}12 = a}

Cy=Sn{ye A (@)] =b, (@)1, =af
fori=0,....m—kandj=0,...,n—1. Let T = U” Sij U Uj C. The convex hull S is obtained as:

conv(S) = X :={(x,y) | v = y,u = z, (u,v) € conv(T)}.

In particular, if ma < 3, then the convex hull is given by

m
8

conv(S) = X" = (z,y) € H Hyﬁ > HU(JC)]W ; (25)
j=1

i=1
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where u(x) is defined as follows. For any x € [a,b]™ and s € R, let S(x) = Y_I_,(x; — a). Then,

b ifi <4
u(z);j=<a+s—(b—a)i® ifi=i"+1 (26)
a otherwise.

Proof. Let ¢(x) :=[[;_, xﬁ and consider the set T () = {z € [a,b]" | #(x) < v}. By Theorem 3.A.3 in [22], ¢(x)

is Schur-concave over [a, b]™ because it is permutation invariant and 8¢ < aj at any point with 1 > --- > z,,. Let

Ti(y) = {z | 2 b(=DFq(n=D8 < 41 Then, it follows by Proposmon@and Corollarythat conv(Y (7)) =
{x ‘ U Tug > > Uy, u € conv (Ui Ti(y)) )

Now, let ¢(y) := []\"; y: and consider the set © = {(z,y) € [a,b] x [c,d]™ | (¥(y) > 5:62}, where §,¢( > 0.
Consider a point (2/,y’) € ©. Then, by restricting attention to § = Ay, we obtain the subset A of © such that
A={(z,\) €la,b] x [, d] | N> 5’x%}, where 0 = (i ip(y)m, 8 = 0, ¢ = max{\ | Ay, < c for some i},
and d’ = min{\ | Ay, > dforsomei}. If 2’ € {a,b}, the point belongs to the convex subset of © obtained by
fixing 2’ at its current value because the defining inequality can be written as ¢ ™ ¥ (y) W > oa g, a convex inequality.
Therefore, we may assume that x’ € (a b). First, consider the case when 3’ € (¢, d)™. Then, it follows that ¢ < 1 and
d >1land (z/,1) € A. Assume m > = and let s = 5’"?@( " el Ifa’ € (a,b), then, for 0 < € < %,
we show that (2, 1) can be written as a convex combination of (' — €0, 1 — s¢) and (2’ 4 €6, 1 + se¢). The latter points
are feasible in A because:

8 (2 £ e@)m% < §a'me + s(x’ & e —2") < O(1 & se),

where the first inequality is by concavity of zws for m > % and the second inequality is because 'z’ e < @by
the feasibility of (z’,1) in A. Since ¢)(y) is homogenous, we have expressed (z',3/) as a convex combination of
(2' — €0, (1 — se)y’) and (2’ — €0, (1 + se)y’), each of which is feasible to ©. Since € > 0 and 2’ > a > 0 implies

s > 0, it follows that these points are distinct and that (z/, y’) is not an extreme point of the feasible region. Therefore,
we may assume that there exists an 4 such that y; € {c, d}. However, in this case, we can reduce the dimension of the

set by fixing y; at y; and effectively reducing m. In other words, we may assume without loss of generality that m < g
Then, we rewrite the defining inequality of © as ¢ #w(y) o> Om zma and observe that this is a convex inequality
since ¥ (y) 7 is a concave function and z 7= is a convex function. Therefore, we need to consider faces where either all
x; are fixed at their bounds or where we fix all y; except for a set of cardinality min{m, {gJ } and fix all z; except for
one.

Since S;; € S and C; C S and S is permutation-invariant, it follows that conv(S) O X. Since X is convex and S is
compact, we only need to show that the extreme points of S are contained in X. However, we have shown that the
extreme points of S belong to 7" or a set obtained by permuting x and/or y variables, it follows that the extreme point
belongs to X. Therefore, X = conv(5).

Now, we consider the case ma < . Clearly, k = m. If we fix y at g, it follows from Proposition that the
B
convex hull of this slice is defined by [[;~, 7;* > [[j_, u(z);"*. Then, as in the proof of Proposmon | we let

;1
o(s) = H;I yu(z)™, where s = ' (¥; — a), and rewrite the above inequality as ¢ (s) — [T, yi < 0. Since
the left-hand-sise is Jomtly convex in (s,y) and s is a linear functlon of x, this proves that X’ in (23) is convex in (z, y).

8 s
By Schur-concavity of H] o, it follows that H] 1 x’”“ > H] y u(x) ;. This implies that S C X" C conv(S).
Since X’ is convex, it is the same as conv(S).

O

We have given various results where we describe the convex hull of a set in an extended space by introducing variables .
We now discuss how inequalities in the original space can be obtained by solving a separation problem. Usually, given
a set X and an extended space representation of its convex hull, C, we separate a given point Z from X by solving the
problem inf(, ,)ec ||z — Z||, where C'is the extended space representation of X. By duality, the optimal value matches
max| . <1{(Z,a) — h(a)}, where h(-) is the support-function of C and | - ||.. is the dual norm. Then, if the optimal
value, z* is strictly larger than zero and the optimal solution to the dual problem is a*, we have (Z,a*) — z* > (z,a*)
for all z € proj, C and this inequality separates z from C.
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Given the structure of permutation-invariant sets and their extended space representation admits an alternate approach.
Assume we are interested in developing the convex envelope of a permutation-invariant function ¢, such as z; . .. z,,
over [a,b]™. Let the convex envelope of ¢ at = be obtained by expressing x as a convex combination of v and its
permutations, where u >, . Moreover, assume that the convex envelope at v is obtained as a convex combination of
the extreme points of the simplex a < z1 < --- < x,, < b. We can collect the extreme points of this simplex as the
columns of a matrix V' and write = SV ~. Then, it follows that there exists a representation of x = Swu, where S is a
doubly stochastic matrix.

However, such an inequality is typically not facet-defining for conv(X') even when the latter set is polyhedral. We
now discuss a separation procedure that can generate facet-defining inequalities. We implement it for convex hulls of
multilinear sets over [a, b]™ to evaluate their impact on the quality of the relaxation. For the purpose of illustration,
consider the special case of []"_; z; over [a, b]". In this case, reduces to:

n
min  a" + E b ta" (u; — a)
i=1

s.t. T =<;mU
a<u, <---<up <b

Given an = € R in general position inside [a, b]™, assume that the optimal solution to the above problem is w. Then,
we express © = Su, where S € R"*™ is a doubly-stochastic matrix. Given x and u, this problem can be solved as
a linear program. In our implementation, we use this approach, given the simplicity, although S can also be derived
as a product of T-transforms (see proof of Lemma 2 in Section 2.19 of Inequalities, by Hardy, Littlewood, Polya []).
Then, we express .S as a convex combination of permutation matrices. Such a representation exists due to Birkhoff
Theorem and can be obtained by the following straightforward algorithm. Observe that in such a representation all
permutation matrices with non-zero convex multipliers must have a support that is contained within the support of
S. This implies that the bipartite graph, we describe next, has a perfect matching. The bipartite graph is constructed
with nodes labeled {1, ...,n} in each partition and edges that connect a node 7 in the first partition to j in the second
partition if and only if S;; > 0. Given a bipartite matching, we construct a permutation matrix P so that P;; = 1 if
node ¢ in the first partition is matched to node 7 in the second partition. Then, we associate P with a convex multiplier
7 to the minimum non-zero value of S;; P;;. Observe that -2 (S — wP) is again a doubly-stochastic matrix with one
less non-zero entry. Therefore, by recursively using the above approach we obtain S as a convex combination of at
most n? permutation matrices. Then, we permute u according to these permutation matrices and observe that for each
such u, the convex envelope is given by the optimal function value of the above linear program. Each permuted u
can be expressed as a convex combination of the corner points of the permuted simplex {a < uy < ---u, < b}. The
extreme points with non-zero multipliers must all be tight on the inequality. Then, we obtain the inequality by fitting an
inequality to be tight at these points.

5 Stochastic Dominance

In this section, we revisit the convexification result in [12]. Consider two random variables X, Y in (2, 2, P) where
Q is the sample space and P is a probability measure. Let F'y and Fy be cumulative distribution function of X and Y’
respectively. Then, X is said to dominate in the first order Y if

Fx(t) < Fy(t)
for all t € IR. On the other hand, X is said to dominate in the second order Y if
t t
/ Fx(s)ds < / Fy (s)ds.

Consider random variables X, Y in (2 := {1,...,n},2? P) where P is defined as P(k) = 1/nforallk =1,...,n
and define vectors z and y as 2; = X (i) and y; = Y (¢) for¢ = 1,. .., n. Then, the notions of the stochastic dominances
can be equivalent written in terms of z and y. That is, X' dominates in the first order Y if and only if y[; > x[;) and X
dominates in the second order Y if and only if x >*"" y.

For a given y € R,,, define
Ay =A{x:yy >ap,i=1,...,n}, As={z:2>""y}, Az={x:y>um}

The following lemma demonstrates the existence of an intermediate vector between two vectors where a vector weakly
majorizes the other.
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Lemma 5.1 ([22], 5.A.9., 5.A.9.a.). 1. Suppose x >,m y. Then, there exist u and v such that

r>2npuandu >y, x>vandv >, Y.

2. Suppose x > y. Then, there exist u and v such that

r>npuandy >u, v>xandv >, Y.

We next prove the following convexification result.
Theorem 5.1 (Dentcheva and Ruszczynski, [12]]). For a given y € R™,
conv(A;) = As = As.

Proof. Observe that A; is permutation-invariant and hence by Theorem [2.7]

Yla) zuiyizla"'an
conv(Ay) =<x: up > > up,
U Zm T

27)

In this proof, let K be the right-hand side of (Z7). For every x € K, let u be satisfying the constraints in (Z7). Then, for

eachj = 1,...,n,itis clear that
n n n
PBETED TSI
i=j i=j i=j

where the first inequality follows from the majorization inequality. Therefore, x € As. On the other hand, let
x € Ag so that x >"™ y. Then, by Lemma there exists v such that y > v and v >,, x. By defining u by
u; = vp),1 = 1,...,n, (x,u) satisfies all constraints in (Z7). This shows that = € K. O

Notice that Theorem [5.1]is a convexification result in a projected space for a given y value. However, Theorem [2.7]
enables us to extend the result to the original space so that the convex hull can be obtained in a higher dimensional
space.

Theorem 5.2. Let By = {(x,y) : Y > [, = 1,...,n}. Then,

v; > ug,t=1,...,n,

UL 2 e 2 Unp,
conv(By) =< (z,y): v1 > > Uy,

U Zm T,

VZm Y

As we discussed earlier, the convex hull can be described using linear inequalities after modeling the majorization
inequalities.

6 Modeling logical constraints

Next, we discuss the formulation of certain logical requirements in 0-1 variables. In particular, we study a set that
generalizes various models described in the literature. We present an extended formulation for the convex hull of this
set, which we obtain through the use of the results of Section[2] This characterization provides streamlined convex hull
derivations for various sets studied in the literature.

In the ensuing discussion, for a subset 7" of P := {1,...,p}, we use the notation er to represent the vector in R?
having entries with index in T equal to 1, and entries with index in P\T equal to 0. We also use e; as a shorthand
notation for ey;) and e as a shorthand notation for ep.

Consider integers 0 < k1 < k2 < ... < k., <mand0 <l <lz < ... <ly < n. Define M := {1,...,m},
N:={1,...,n}, K :={ki1,...,kr-},and L :={ly,...,1l5}. We do not require that m or n is positive. When m = 0
(resp. n = 0), we consider M (resp. N) to be empty.

19



PURDUE UNIVERSITY MANAGEMENT DEPARTMENT WORKING PAPER NO 1315 - FEBRUARY 15, 2019

We are interested in the logical constraint on binary variables z1, ..., z,, and y1, ..., y, that requires that if the number
of variables out of z1, ..., x,, that are true belongs to K, then the number of variables out of y1, ..., y, that are true
belongs to L. Formally, we study

Smon (K, L) := {(:uy) € {0,1}m*" ‘ elr e K = €Ty e L} )

We refer to this set simply as S whenever m, n, K and L are clear from the context. In Proposition[6.1] we obtain a
description of conv(S). To the best of our knowledge, the polyhedral structure of this set has not been investigated
previously.

In studying conv(S), we pose the following assumptions in the remainder of this section.

ASSUMPTION Al: k; > 0and; > 0.

ASSUMPTION A2: k., <mandl; < n.

We next argue that Assumption (Al) is without loss of generality (wlog). Suppose that k; = 0. We may de-
fine K’ = {k1 + L,ko + 1,...,k. + 1} and consider the set S,,41,,(K’, L) whose variables we denote by
(#,Zm11,y). It is simple to verify that S,, (K, L) = projg, ) (Smi1,n(K’, L) N H) where H is the hyper-
plane {(z,Zm+1,y) € R™ x R x R"|z,41 = 1}. Since H defines a face of Sy,41.,(K’, L), it holds that
conv( Sy, n (K, L)) = proj, (conv (Sms1n(K',L)) N 'H) Verifying that Assumption (A2) is wlog is similar.
In particular, when k, = m, it suffices to study S,,4+1,, (K, L) whose variables we denote by (x, Z,+11,y) to ob-
tain the convex hull of S, (K, L) as Sy, n(K, L) = proj, (Smt1,n(K, L) N M) where H is the hyperplane
{(z,xms1,y) ER™ X R x R" | 2,41 = 0}.

Theorem 6.1. Under Assumptions (Al) and (A2), conv(S,, (K, L)) = X where

weA™, wur=1, Uu,=0, u>,=x
X = (%y)eﬂ{m"r” veA”, wvi=1, v,=0, v>,¥y
1 r—1
U, — Zz 1 (Ul +1 = 7,+1) — Vls+1 > Uy — Zi:l (uki+1 - uk’q‘,+1) — Uk, +1

Proof. Because S is permutation-invariant with respect to variables x but also with respect to variables y, Theorem
establishes that

conv(S) = proj { (z,u,y,v) € R*™ 2" | (u,v) € conv(Sy),u >y 2,0 >m y},
(z,y)

where Sy = {(u,v) € {0,1}"* " |u € A™ v e A" eTu € K = eTv € L}. We argue next that

ueA™, wu =1, u,=0 (281)
veEAr, w=1, wv,=0 ©32)

S = Xg := RnL-{-n _
COHV( 0) 0 (ua U) € vy, + Zlel(vlprl _ Uli+1) — V41 )

> Uk, + EZ:_ll (uki+1 - ukr‘rl) — Uk,+1 3)
which will conclude the proof.

Given u € AT, we define U (%) = (g, — 1) + Z;;ll(ukm — Upgyq1) + (0 — g, 1) and 0 (1) = 4 — w41 >0
forj=1,...,m—1. Itisclearthatzgn:_llej(u) =y — Uy <land U(d) = =14 Y.;_, Ok, (). It follows that
U(u) € [—1,0]. In addition, if & € {0,1}™, we have that U(4) € { 1 O} as 6;(u) € {O 1} forj =1,. —1.
Further, in this case, U () = 0 if and only if 0, () = 1 for some ¢ € {1 r} i.e. ZJ Lu; =k € K S1m11ar
results hold for V(0) = (v, — 1) + 37— (01,4, — D1y41) — 1,41 When v € Ai.

First consider (1, ?) € Sp. Because & € A™ N {0,1}™, then U(4) € {—1,0}. Further, U(%) = 0 if and only if
eTu € K. Similarly, we have that V(v) € {—1,0} with V(v) = 0 if and only if eT0o € L. We show that (4, 0) € X.
There are two cases. If eTa ¢ K, then U(u) = —1 and l ) is trivially satisfied. If eT& € K, then eTv € L. Hence,

constraint (28]3) is satisfied as U () = V() = 0. We conclude that Sy C X, which implies that conv(S;) C X, as
X is convex being polyhedral.

Second consider any extreme point (@, v) of the polytope Xo. We first show that (@, v) € {0,1}™". On the one hand,
assume that (28][3) is not tight at (@, ©). Then, at least m + n — 4 among the m + n — 2 constraints of A™ and A"
must be satisfied at equality. Because no more than m — 1 (resp. n — 1) among the constraints of A™ (resp. A™) can
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be satisfied at equality simultaneously in a feasible solution as uy # ., (resp v1 # v,), we conclude that © = 1'"21 e;
formy € {1,...,m—1}andv =) ", e; forn; € {1,...,n — 1}. On the other hand, assume that is tight at
(u,0). Then, at least m + n — 5 among the m + n — 2 constraints of A™ and A™ must be satisfied at equality. There
are two cases. In the first, the number of tight constraints in A" and A" is at least m — 3 and n — 2, respectively. Then
ﬂ:Z}n:llej +f2?="’ml+1ej where 1 < mj; <mg <mand f € (0,1) ande:Z?;ej where 1 < ny <n— 1.
We claim that m; = ms. Assume not. Because V(%) € {—1,0} and is tight, we also have that U (@) € {—1,0}.
It follows that either mq, ma ¢ K or that m;, me € K. In these cases however, consider the solutions % = Z;’fl e;
and 1 = Z;":ll e;. We see that w = fu + (1 — f)u. Solutions @ and @ also make 28"3 tight, showing that (u, )
is not an extreme point of X, yielding a contradiction. We conclude that (@, v) € {0,1}™+". A similar argument
shows that, for the second case where the number of tight constraints in A™ and A™ is at least m — 2 and n — 3,

respectively, (a,v) € {0,1}+™. Now observe that u € A™ N 071}7" implies that U(a) € {—1,0}. Similarly,
*

v € A, N{0,1}" implies that V(o) € {—1,0}. As constraint ) imposes that V(o) > U(u), we conclude that
eTu € K = ¢eTv € L, showing that (@, 7) € Sy. The above discussion establishes that the extreme points of X, are
binary vectors that belong to Sg. This proves that Xy C conv(Sp). O

We next obtain a description of the convex hull of S,, (K, L) in the space of original variables by projecting the
formulation we obtained in Proposition[6.1] onto the space of variables x and y. We first observe that the corresponding
projection cone C,,, (K, L) is described by the inequalities:

Z;":iap—a;n—@_l+@i—(§i(l()7:0, Vi=1,...,m
Zgzjaq_@'/n_ﬂj—l_kﬁj_'_éj (L)y =0, Vi=1,...,n
OéiZO, @1207 Vi:l,...,m
a; > 0, @jZO, Vi=1,...,n

6020, BOZOa 720,

where dual variable «, is associated with constraint Zle U; > MAXSCN | |N|=p x(S), B, is the dual variable associated
with constraint u, — up4+1 > 0forp = 1,...,n — 1, By is the dual variable associated with constraint 1 — u; > 0,
By, is the dual variable associated with constraint u,, > 0, and + is the dual for the constraint . We also define
5i(K) = €K —EeK+1 and 5i = €L —€r+1.

Given an element (o, o,,, 3, &, &'y, 3,7) of Cy,.n (K, L), we can construct the valid inequality

m

; i max  {2(5)}+ ; A pemax  {y(1)} = ana(M) = ay(N) < o + bo- (28)

Because a and & are nonnegative, (28)) can be expressed as an exponential collection of linear inequalities using the
relationships maxgcay|s1=i{2(S)} > D pcg Tw, forall S C S with [S| = .

In particular, we note that the only component of vectors 3 and 3 that occurs in the above inequality is 3y and 3.

Because +y is the only variable linking variables (¢, a,, 8) and (&, &,,, 5) in Cy, (K, L) and because in any ray of
Chn (K, L) we may assume that either y = 0 or v = 1, it is possible to obtain the extreme rays of the cone C, ,, (K, L)
by focusing on the rays of the smaller cones c,(v)

b O‘i*afg*ﬂr—l‘i’ﬁr:*vh V’I":L-.-,p

i=r
a; > 0, Bi >0, Vi=1,...,p
a, >0,
where v € R™.

Theorem 6.2. Vector (o, a,,, B, @, &y, B,1) is an extreme ray of Cp, (K, L) if and only if (o, o)), B) is an extreme
point of ¢, (67 (K)) and (&, &l,, B) is an extreme point of ¢, (—3*(L)). Further, Vector (a, l,, B, &, al,, 3,0) is an
extreme ray of Cp, (K, L) if and only if (o, o)y, B) is an extreme ray of ¢, (0) and (&, &), B) is an extreme ray of
cn(0).

6.1 Cardinality constraints
For L C {0,...,n}, consider the set

S#(L):={y € {0,1}"|eTy € L}.
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When L = {0,1,...,1}, S7#(L) models a no-more-than-l cardinality requirement. It is clear in this case that
conv(S# (L)) = {y € [0,1]" |eTy < I}. When L is the set of even integers between 0 and n, conv(S7 (L)) was
obtained in [[17]. More generally, conv(S# (L)) is described in [9} 24]], where it is shown that

ll S 6Ty S ls
(Ip+1 — [SDegy — (IS| - lp)eTN\sy < lp(lp1 — |S]),
Vp=1,...,s—1
VS C N withl, < |S| < lpy1,

conv(S#(L)) = y €[0,1]"

Observe that S7* (L) = proj, Sm,n (K, L) for any positive integer m if K = {0,...,m}. Propositioncan therefore

be used to obtain the following description of conv(S7# (L)). For reasons similar to those justifying Assumptions (A1)
and (A2), it is wlog to impose

ASSUMPTION A3: [ >0andl; < n.

Theorem 6.3. Under Assumptions (A3), conv(S# (L)) = X where

veA™, v =1, w,=0,

_ n| VZ2my
X = yER ’Ull:l, ’UlSZO
V41 =V, Vi=1,...,5-1

Proof. For a positive integer m, construct Sy, 2., (K, L) where K = {1,...,m + 1}. We have that S¥ (L) =
proj, (Smt1,n (K, L) N'H NH') where H is the hyperplane {(z, Zm 41, Tm+2) € R™ X R|2p,41 = 1} and H' is the
hyperplane {(z, Z; 41, Tmi2) € R™ X R| 2,12 = 0}. It follows that

conv(S# (L)) = conv (proj (Smgon(K,L)yNHN H’)) = proj (conv(Spq2, (K, L)) NHNH').
v y

A description of conv(Sy, 42, (X, L)) is given in Proposition Because K = {1,...,m+ 1}, k41 = k; + 1 for
i=1,...,mandr = m + 1. Then (Z8|B3) reduces to

s—1
v, + Z(UZH»I - Uli+1) — Vi +1 > Uy — Ukyyq = 1. (29

i=1
The constraints of A™ imply that vy, < 1,v;,,, —wv,41 <O0fori=1,...,s —1(asl;y1 >Il; +1),and v;, > 0. As
must hold under these conditions, we conclude that @@) in fact reduces tov;, = 1,v;, = O0and v, , —v;,41 =0
ori=1,...,s— 1. Because the resulting formulation of conv(.S,,+2 (K, L)) does not contain constraints linking

variables u and v, proj, conv(Sp+2., (K, L)) is simply obtained by retaining only the constraints involving v, yielding
the result.

6.2 Logical constraints

We now consider the common logical constraint [28]] on binary variables z1, ..., 2,, and y1, . .., y, that requires that
if at least k out of x1, ..., x,, are true then at least [ out of y1, . .., y, are true. Formally, we consider

Snﬁ (k1) = {(x,y) € {0, 1} ‘ Tz >k = eTy > l}.

Textbook formulations of this constraint introduce a binary variable z to indicate whether the number of x variables
with true assignment has reached level k. The implication can then be replaced with the following linear constraints
(k—=1)+(m —k+1)z > eTwrand eTy > [2. A constructive procedure to obtain the facets of conv(S,, -7 (k,1))
is described in [28]]. A closed-form description is obtained in [4] using disjunctive programming arguments. Note
that [4] obtained the desired description using the fact that the convex hull of unions of monotone polytopes has a
simple description, see also S]], while we our derivation relies on permutation invariance. For reasons similar to those

justifying Assumptions (A1) and (A2), it is wlog to impose

ASSUMPTION A4: k> 0and! > 0.
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Theorem 6.4. Under Assumption (A4), conv(S,— (k,1)) = X where

m,n

UGA”& UZmyv 1)1:1

wueA™, u>,x, u =1
v 2 Uk

X = {(’I,y) eR™T

Proof. We observe that S,.=> (k1) is in fact proj, ,) (Sm+1,n+1(K, L) N HNH') where K = {k,...,m}, L =
{l,...,n}, H is the hyperplane {(z,Zp11,Y, Ynt1) € R™ x R x R™ X R| 2,41 = 0} and H’ is the hyperplane
{(z, Zm+1, Y Ynt1) € RPXRXR"XR | yp41 = 0}.. Then, k; = k+(i—1)fori = 1,...,m—k+1andl; = [4+(i—1)
fori = 1,...,n—[+1. Then, the left-hand side ofreduces to vll—l—z;:ll(vml—vli+1)—vl5+1 = V—VUpm41 = U1,
while its right-hand side reduces to ug, + Z:;ll (Whyyy — Uky41) — Uk, 41 = Uk — Up41 = uj. Therefore this constraint
takes the form v; > wuy Projecting out variables x,,+1, Yn+1, Um+1 and v, from the formulation is then trivial as it
can be verified that for vectors w, z € R?, (w,0) >,, (z,0) if and only if w >,, z. O

7 Set of rank-one matrices associated with permutation-invariant sets

For a positive integer n and a given set S € R", define Mg := {(x,X) € R" x M" | X = 227,z € S}. For each
element (x, X) € Mg, it is obvious that rank(X) = 1. Studying this type of sets is particularly important when
constructing valid inequalities for semidefinite relaxations of a non-convex optimization problem. In this section, we
study the case where the base set S is permutation-invariant.

As a motivating example, sparse PCA is to find a sparse vector that maximizes the variance z7Xx associated with the
component for a given covariance matrix . A semidefinite relaxation of sparse PCA aims to approximate the following
set

{(z, X) e R" x M,, | X = 227, ||z|| < 1,card(z) < K} (30)

for a positive integer K € {1,...,n — 1} which can be represented as Mg for a permutation-invariant set S = {x €
R™ | ||z|| < 1,card(z) < K}. Separation problems associated with the above set are known to be NP-hard and hence
their semidefinite relaxations have been considered by relaxing the non-convex constraint X = xzaT with a convex
constraint X > xzT. Then, linear valid inequalities in (X, x) are developed by exploring the property that X = xaT.
For example, when z is bounded by a box, one can add McCormick constraints to relax the product terms. The authors

of [IL1] proposed a cut 1TX1 < K which can be easily obtained by the valid inequality Zz;l z; < VK and the
condition X = zzT.

We next show that more valid inequalities can be constructed in a higher dimensional space using the permutation-
invariance of the base set .S of M. To this end, we prove the following proposition.

Theorem 7.1. Suppose S C R"™ is a permutation-invariant set. Let

X =z2T,U =uuT,
N = U {(CE,U7X,U)€]RnXIRnXM”><Mn .Z':PU, }
PePn ueSNA,

Then, Mg = proj, xN.

Proof. Proof. We first show that Mg C proj, /. For any arbitrary (z, X) € Mg, there exists P € P,, such that

u = P~'x € A,. By permutation-invariance of S, u € S and hence u € S N A,,. This shows that (z, u, 22T, uuT) €
N. We next prove the opposite inclusion. Consider a point (z,u, X,U) € N. Assume x = Pu for some P € P,,.
Sinceu € SN A,, C S,z € S by permutation-invariance of .S. Moreover, X = xzT. Therefore, (,X) e Mg. O

By Proposition[7.1] it suffices to assume that X = zzT for z € R” that is a permutation of an element in .S N A,, when
constructing a valid inequality. For any (z,u, X,U) € N, observe that

X =z27 = (Pu)(Pu)T = PUPT

from the relationship z = Pu for a permutation matrix P € P,,. In other words, we can assume that U is the matrix
obtained by permuting columns and the corresponding rows of matrix X. We can derive some valid inequalities based
on this idea. Perhaps, the easiest inequalities we can develop are

trace(X ) = trace(U), (31a)
1TX1 = 1701, (31b)
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On the other hand, since u € A,,, entries in each row of uuT is in descending order, deriving the following inequalities.

Uij>2Ujr1, 1<i<n, 1<j<n. (32)

Similar arguments can be made for column entries, but the inequalities are redundant because of the symmetry of U.

We next generalize (31a) and (31b) using majorization. Observe that (31a) does not account for the fact that the diagonal
entries of U and X are identical up to permutation. Therefore, we consider the following tighter constraint:

diag(U) >,, diag(X). (33)

Notice that (31a) is implied by (33) by definition of majorization. Since (33)) models the permutahedron with respect to
a base vector diag(U), it provides the most compact linear description for the relationship that diag(U) is a permutation
of diag(X). We recall from Theorem that a majorization inequality of the form u >, x for u € A,, is modeled
using linear inequalities in a higher dimensional space. Similarly, is linearly representable because diag(U) € A,,.

An extension for (31D)) is obtainable from the fact that the vector of row sums of X is a permutation of that of U. For
any matrix Y € M, xn, define RY as an m-dimensional vector whose ith component is the sum of ¢th row of Y. Then,
the following majorization inequality is valid.

RY >,, R¥. 34
Similarly, (34) is linearly representable because RV € A,,. By symmetry of U and X, majorization condition for
vectors of column sums is redundant.

We next consider a special case where u > 0. Denote the sum of the  largest elements of x by s (z), and the ith row of
a matrix Y by Y;. For a fixed pair p, g € {1,...,n}, take the sums of ¢ largest components of each rows of U and X:

sq(U1) 5q(X1)

saU) | |50(X0)

Under the assumption that X = PU PT for some permutation matrix P, it is clear that one of the above vectors is a
permutation of the other. We next consider the sum of p largest components of those two vectors and

$p ((8q(Un)s -+, 5q(Un))) = sp((54(X1),- -+ 8¢(Xn))). (35)

We next argue the linear representability of (33). The left-hand side of (33) is simply written as » ©_; ;1.:1 U;;. Using
the dual arguments that we used in Theorem [2.5] we represent (33)) as

1 22:1 U > pr+ 31 ti
5¢(X;) <ti+r, =1,...,n (36)
t; >0, 1
Observe that the function s, (X;) is a convex function and it is placed in the "lower" side of an inequality. Therefore,
(36) is a convex representation. By applying the similar procedure to model s, (X;) fori =1,...,n, we can obtain a
linear representation for (33). It is clear that (33)) holds with equality when p = n. Unlike linear representation of a
majorization inequality, we do not add the constraint

sn ((3q(U1); -+ 584(Un))) = sn((54(X1); -5 54(Xn))) (37)

because the right-hand side is still written in ordered variables of the form (X;)(;; and hence it is not a linear equality.
Moreover, it is not convex representation because of the equality.

Note that we used two stages of "sum-of-k-largest” modeling techniques to obtain linear representation of (33)) in the
previous discussion. We next present that a linear representation can be obtained using a transportation problem and its
dual in one stage. To this end, we introduce the following lemma:

Lemma 7.1. For given w € R} and p,q € {1,...,n}, the optimal value of the following linear program is
(Oov_y w) (5= wij):

n n . 3 .
max ) ;. j=1 WiW;Tij

s.t. Z;Zl zi; <q, ie{l,...,n}
n n
i1 21 Tij S Pq
OSZ‘USL i,jE{l,...,n}

24



PURDUE UNIVERSITY MANAGEMENT DEPARTMENT WORKING PAPER NO 1315 - FEBRUARY 15, 2019

Proof. Proof. Without loss of generality, we assume that w; = wy;) forall i = 1,...,n. Let 2* be the maximum of
(38). First, define =’ as xgj = 1ifi < pand j < q and 0 otherwise. Then, 2’ is feasible and the objective function
value is (37—, w;)(3-7_; w;). This shows that 2* > (37, w;)(3°5_, w;). Next, we consider the dual formulation
of as follows:

min qzaz +p25g +P(I’Y+ZZ‘SW

i=1 j=1
S.t. Oéi+ﬂj +’Y+6ij > W;W; 1,] € {1,...,77,} (39a)
0412075]20,’720751320 17]6{13777’} (39b)

Since both (38)) and (39) are feasible, z* is the minimum of (39) by strong duality. By convention, we define w,,+1 = 0.
Define (o/, 8,7/,0") € R" x R" x R x M,, as follows:

aé = max{w;wyt1 — Wpwg, 0}, i=1,...,mn

ﬂ; = max{w,1w; —wpwy, 0}, j=1,....n

7= Wplg

5. = wiwj = —aj=pj ifi<pandj<gq
0 Otherwise

We first prove the feasibility of the point. Nonnegativity of «, 3, and ~ is clear. To prove nonnegativity of §, consider
1 < pand j < q. Assume first that w;wgy1 — wpwg > 0 and wp1w; — wpwg > 0. Then,

5§j = Wwj — wpwy — (W;Wet1 — Wpwg) — (Wpp1w; — Wpwy)
= (wi —wp)(w; — wy) + wi(wy — wgy1) + wj(wy —wpy1) > 0.

We next assume that either w;wq1 — wpwy < 0 or wpp1w; — wpwy < 0. Without loss of generality, assume that
WiWqt+1 — Wpwg < 0. Then, 62]» = ww; — WpWy — (Wpp1W; — Wpwy) = w;(w; — wpy1) > 0. We next show that
(o, 8,7, 8") satisfies (39a). For i < pand j < ¢, (39a) holds with equality by definition of J;;. We next consider the
case where ¢ > p or j > ¢. Without loss of generality, assume that ¢ > p so that o, = 0. Then,

!/ ! !/ ! ! !/
o+ B +9" 46 = B+ = max{w, p1w; — wpwg, 0} + wpwy > wpp1w) — wpwy + Wwpwy > wiw;.

Finally, the objective function value at (o, 3,7/, 8") is

an +p26 +pay’ +ZZ5

1= 1 ] 1
- 0 +p25 e+ 303wy~ e )
i=1 =1 j=1
q
- 33w () (S
i=1 j=1 i=1 j=1

This shows that z* < (3°0_, w;) (23:1 wj>, concluding that z* = (}-7_, w;) (Z?‘:l wj). O
An alternative linear representation of (35)) can be obtained using the dual formulation in the proof of Lemma[7.1] First
of all, the left-hand side of (33) is a constant P j 1 Usj. Then, we replace its right-hand side with the objective

function of the dual (39) and add inequalities constralnts (394) and (39b) in the formulation where the term w;w; must
be replaced with | X|[;;. Notice that we cannot replace the right-hand side with the objective function of (38) because
(38) is a maximization problem while the dual is applicable because it is a minimization problem.

This idea is extended to model the the largest sum of the p;-by-ps-by-...-by-p; subtensor of a rank-k nonnegative
tensor w @ w ® - - - @ w where 1 < p,q,r < n for some w € RY}.

In the remainder of the section, we present semidefinite programming relaxations for sparse PCA.

7.1 An SDP relaxation for sparse PCA

Principal Component Analysis is a well-known dimension reduction technique in statistical analysis. A principal
component is a linear combination of independent variables and typically it means the coefficient vector of the linear
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combination. The first principal component is a unit principal component which maximizes the variance and it is the
eigenvector corresponding to the largest eigenvalue of the covariance matrix. Even though the first principal component
explains the most variance of the data, it is hard to interpret because typically most coefficients are nonzero. Sparse
PCA is introduced to resolve this issue by finding linear combinations with only a few explantory variables. That is, it
extends this classic PCA by adding a sparsity contraint which allows only a certain number of explanatory variables are
used to principal components.

Formally, let 3 be the covariance matrix of the data set and let « be a coefficient vector for a principal component. Then,
the following optimization problem find the first sparse principal component that contains at most /' nonzero entries:

max 27Yx
st |lz] <1, (sparse PCA)
card(z) < K

where © € IR™, K is a positive integer with 1 < K < n, and card(z) is the number of nonzero components of z.
Observe that the feasible set of sparse PCA is 1V, ”I_(” where || - || is L2-norm. sparse PCA is a non-convex optimization
problem because the feasible set is nonconvex due to the sparsity constraint. On the other hand, since the objective
function is convex, it can be seen as a convex maximization problem over conv(V, HI-{H) provided that an optimal solution
to the relaxation can be transformed to an alternate sparse solution. As we have already seen, the convex hull of the
feasible set is represented as follows:

Jul| <1,
KN\ _ up > >ug 20,
COHV(NH_H) = X Ug 1 = = U, = O7 (40)
u > |z

Once a description of conv(V, Iﬁl) is obtained, sparse PCA can be reformulated as a convex maximization problem over
a compact convex set.

We next present a positive semidefinite relaxation for (sparse PCA). The most commonly used (and, to the best of our
knowledge, only) SDP relaxation for sparse PCA was introduce in [[11] as follows:

max trace(X.X)
s.t. trace(X) < 1,
17|X|1 < K, S
X =0

On the other hand, we develop the following SDP relaxation by adding the majorization constraints that we introduced
earlier in this section:

max trace(XX)

s.t. trace(U) <1 (42a)
trace(| X|) = trace(U), (42b)
1T|X|1 = 1TU1,, (42¢)
Uij 2 U;jt1 20, 1<i<n, 1<j<n, (42d)
diag(U) >, diag(|X|) (42e)
RY >, R (42f)

P g

DD Uiy = sy (sq(1Xal), - sq (1K) 4 1<p<qg<n (429
i=1 j=1
ull <1 (42h)
u > >ug >0 (42i)
Ugy1 =+ =1Up =0 (42))
(b (42k)
U =0 i>Korj>K “21)
X = a7 (42m)
U= uu' (42n)
X=XTU=UT (420)
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(@2a) are from the norm constraints ||u|| < 1. The constraints that we introduced earlier in this section are in (@2b) -
(42k). Notice that nonnegativity of entries of U is added in (42d). (42]) is added because the last n — K components
of w are zeros and hence any entries outside the K-by-K top-left submatrix are zeros. Lastly, and are
relaxation of the condition X = zzT and U = uuT and these can be easily modeled using Schur complements. In (42¢),
we use diag(X) rather than diag(| X|) because implies that diag(X) > 0. Furthermore, a natural constraint
trace(X) < 1 is omitted because it is implied by (42a) and ({@2b). For the sake of exposition, we omit the modeling

detail for - (@2g) and (@2K) in the formulation.
Theorem 7.2. All the constraints in @) are implied by constraints in ({@2).

Proof. Proof. First, we already showed that trace(X) < 1 is implied by @2a) and (42¢)). Positive semidefiniteness of
X is from the fact that X > xzT »= 0. We next show that 17| X |1 < K is implied. By (@Z2I), we only consider the
K-by-K upper-left submatrix of U. Let Uk i be the submatrix and let 1 is the K -dimensional vector of ones. Define
f(z) := 27Uk k. Since U = 0 implies that U x = 0, f is convex. Furthermore, f(ax) = o? f(x) for any scalar .
Therefore,

17Ul = ]l}(UKJ(]lK = f(]lK) =f (Zfil e,~> =f (KZszl %GZ)
= K2 (L, fer) < K24 2L fle) = K trace(U) < K

where the first inequality follows from the convexity of f. On the other hand, implies that 1TU1 = 17| X|1.
Therefore, 17| X |1 = 1TU1L < K. O

7.2 Computational experiments for sparse PCA

We next report our computational results. We refer to the formulation (@2)) by the upper-sum relaxation and the
formulation except the constraints [#2g) by the row-sum relaxation. We report test results for the row-sum and upper-
sum relaxations in Table|l{and [2| 27, represents the global optimal value for the sparse PCA and z7, represents the
optimal value for SDP relaxation (@1). We denote the optimal value for the row sum relaxation by z;, and that for the
upper-sum relaxation by 27 .. We used SCS version 2.0.2 [26} 27]], a large-scale convex conic solver, to solve SDPs in
the experiments. To measure the relative tightness of a relaxation when compared to (@1J), we calculate “gap closed” as

<ZBZ§DP> % 100.

* *

D T *E
* 1 * *
where 2§ p is 25 or 2.

The output status Solved/Inaccurate indicates that SCS could not determine the solution within the default numerical
tolerance, but returned a solution using a relaxed tolerance.

7.2.1 pitprops problem

pitprops [[L6] is one of the most commonly used problems for sparse PCA algorithms. The instance has 13 variables
and 180 observations. Table|l|shows the test results for cardinality KX = 3, ..., 10. The numbers in the parantheses
represent”Solved/Inaccurate” SCS output.

K 25 25 Zrs Gap closed (%) Zhe Gap closed (%)
3 || 2475 | 2.522 2.495 57.86 || (2.475) 100.00
4 1| 2937 | 3.017 2.967 62.83 || (2.948) 87.15
5 || 3.406 | 3.458 3.407 97.97 || (3.406) 100.00
6 || 3.771 | 3.814 3.7711 100.00 || (3.771) 100.00
7 || 3.996 | 4.032 3.996 100.00 || (3.996) 100.00
8 || 4.069 | 4.145 4.073 94.22 || (4.072) 95.48
9 || 4139 | 4.206 4.139 100.00 || (4.139) 100.00

10 || 4.173 | 4.219 || (4.177) 91.32 || (4.177) 91.41

Average 88.025 || Average 96.76

Table 1: Optimal values and gaps closed for the test problem pitprops

Observe that the row-sum (resp. upper-sum) relaxation reduces the gaps of (#I) by more than 88% (resp. 96%),
returning global optimal solutions for three (resp. five) problems.
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7.2.2 Experiments with randomly generated matrices

We next report test results for randomly generated covariance matrices. Random matrices are generated as follows:

1. Choose a random integer m € {1,...,n} for the number of nonzero eigenvalues of the matrix by setting
m = [nU] where U ~ U(0,1).

2. Generate m random vectors v; € R"™ ~ N(0,1,),i = 1,...,m for rank-1 matrices.

3. Generate m positive random eigenvalues \; ~ U(0,1),i =1,...,m.

4. Then, construct the desired random covariance matrix as ¥ = Z?il )\wivg .

The tests are performed for problems with size n € {4, ...,10} and cardinalities K € {2, ..., [n/3]}. Note that the
reported results are based on the test problems with SCS outputs status “Solved” or “Solved/Inaccurate”. See
Table[2] We observe that our SDP relaxations improve the gaps of the SDP relaxation {I]) by more than 90% (on
average).

Average gap closed (%)

n | K | # Test Problems Pl Zos
41 2 100 94.993 95.459
51 2 100 94.184 96.689
6| 2 100 91.454 95.163
7| 2 50 88.892 93.179
71 3 50 90.285 93.086
81 2 50 88.689 92.481
81 3 20 93.434 95.053
91 2 20 87.928 94.963
91 3 20 78.115 87.835
10| 2 20 75.478 85.015
10| 3 20 85.036 88.827
10| 4 20 77.327 81.311
Overall Average 90.180 93.559

Table 2: Test results for randomly generated covariance matrices

8 Conclusion

In this paper, we present an explicit convex hull description of permutation-invariant sets and applications of the results
to various important sets/functions in optimization. The construction of the convex hull is based on the fact that a
permutation-invariant set is a union of permutahedra and the generating vectors in A = {z € R" |z > -+ > x,,} of
the permutahedra lie in a set whose convex hull is obtainable. We then discover a variety of applications for which
the results can be used. We present an extended formulation for the convex hull of permutation-invariant norm balls
constrained by a cardinality requirement. This result is extended to the sets of matrices that is characterized by their
singular values. On the semidefinite programming side, we study sets of rank-one matrices whose generating vectors
lie in a permutation-invariant set. We use majorization inequalities in the space of generating vectors to construct
valid inequalities for the convex hull in the matrix space. As a motivating problem, we construct tight semidefinite
programming relaxation for the sparse principal component analysis and report computational results that show that our
relaxation reduces more than 90% of gaps generated by the classical relaxation proposed by [[11].

References

[1] A. Argyriou, R. Foygel, and N. Srebro. Sparse prediction with the k-support norm. In Advances in Neural
Information Processing Systems, pages 1457-1465, 2012.

[2] E. Balas. Disjunctive programming and a hierarchy of relaxations for discrete optimization problems. SIAM
Journal on Algebraic Discrete Methods, 6(3):466—486, 1985.

[3] E. Balas. Disjunctive programming: Properties of the convex hull of feasible points. Discrete Applied Mathematics,
89(1-3):3-44, 1998.

28



PURDUE UNIVERSITY MANAGEMENT DEPARTMENT WORKING PAPER NO 1315 - FEBRUARY 15, 2019

[4] E. Balas. Logical constraints as cardinality rules: Tight representation. Journal of Combinatorial Optimization,
8:115-128, 2004.

[5] E. Balas, A. Bockmayr, N. Pisaruk, and L. Wolsey. On unions and dominants of polytopes. Mathematical
Programming, 9:223—-239, 2004.

[6] H. H. Bauschke, O. Giiler, A. S. Lewis, and H. S. Sendov. Hyperbolic polynomials and convex analysis. Canadian
Journal of Mathematics, 53(3):470-488, 2001.

[7] A.Ben-Tal and A. Nemirovski. Lectures on modern convex optimization: analysis, algorithms, and engineering
applications, volume 2. Siam, 2001.

[8] G. Birkhoff. Tres observaciones sobre el algebra lineal. Univ. Nac. Tucumdn Rev. Ser. A, 5:147-151, 1946.

[9] P. Camion and J. Maurras. Polytopes 2 sommets dans I’ensemble {0, 1}". Cahier du Centre d’Etudes de Recherche
Opérationelle, 24:107-120, 1982.

[10] V. Chandrasekaran, P. A. Parrilo, and A. S. Willsky. Convex graph invariants. SIAM Review, 54(3):513-541, 2012.

[11] A. d’Aspremont, L. El Ghaoui, M. I. Jordan, and G. R. Lanckriet. A direct formulation for sparse pca using
semidefinite programming. SIAM review, 49(3):434-448, 2007.

[12] D. Dentcheva and A. Ruszczynski. Convexification of stochastic ordering. Comptes Rendus de I’Academie
Bulgare des Sciences, 57(4):11, 2004.

[13] M. X. Goemans. Smallest compact formulation for the permutahedron. Mathematical Programming, 153(1):5-11,
2015.

[14] A.S.G. O.S. H. S. Hauschke H. H., Lewisz. Hyperbolic polynomials and convex analysis. Research Report
CORR 98-29, 1998.

[15] J.-B. Hiriart-Urruty and H. Y. Le. Convexifying the set of matrices of bounded rank: applications to the
quasiconvexification and convexification of the rank function. Optimization Letters, 6(5):841-849, 2012.

[16] J. Jeffers. Two case studies in the application of principal component analysis. Applied Statistics, pages 225-236,
1967.

[17] R. Jeroslow. On defining sets of vertices of the hypercube by linear inequalities. 11:119-124, 1975.

[18] V. Kaibel and K. Pashkovich. Constructing extended formulations from reflection relations. In O. Giinliik and
G. J. Woeginger, editors, Integer Programming and Combinatoral Optimization - 15th International Conference,
IPCO 2011, New York, NY, USA, June 15-17, 2011. Proceedings, volume 6655 of Lecture Notes in Computer
Science, pages 287-300. Springer, 2011.

[19] A.S.Lewis. The convex analysis of unitarily invariant matrix functions. Journal of Convex Analysis, 2(1):173-183,
1995.

[20] C. H. Lim. A note on extended formulations for cardinality-based sparsity. 2017.

[21] C. H. Lim and S. Wright. k-support and ordered weighted sparsity for overlapping groups: Hardness and
algorithms. In Advances in Neural Information Processing Systems, pages 284-292, 2017.

[22] A. W. Marshall, I. Olkin, and B. Arnold. Inequalities: theory of majorization and its applications. Springer
Science & Business Media, 2010.

[23] J. Matousek. Lectures on discrete geometry, volume 212. Springer New York, 2002.

[24] J. Maurras. An example of dual polytopes in the unit hypercube. Annals of Discrete Mathematics, 1:391-392,
1977.

[25] A. Nemirovski. Introduction to linear optimization isye 6661. Lecture Notes in Georgia Institute of Technology,
2012.

[26] B. O’Donoghue, E. Chu, N. Parikh, and S. Boyd. Conic optimization via operator splitting and homogeneous
self-dual embedding. Journal of Optimization Theory and Applications, 169(3):1042—-1068, June 2016.

[27] B. O’Donoghue, E. Chu, N. Parikh, and S. Boyd. SCS: Splitting conic solver, version 2.0.2. https://github|
com/cvxgrp/scs, Nov. 2017.

[28] H. Yan and J. N. Hooker. Tight representation of logical constraints as cardinality rules. Mathematical Program-
ming, 85:363-377, 1999.

29


https://github.com/cvxgrp/scs
https://github.com/cvxgrp/scs

	Introduction
	Main Result
	Sparsity theorem
	Convexification of sets of matrices characterized by their singular values
	Semidefinite-representability of sets of matrices characterized by their singular values

	Convex envelopes of nonlinear functions
	Stochastic Dominance
	Modeling logical constraints
	Cardinality constraints
	Logical constraints

	Set of rank-one matrices associated with permutation-invariant sets
	An SDP relaxation for sparse PCA
	Computational experiments for sparse PCA
	pitprops problem
	Experiments with randomly generated matrices


	Conclusion

